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Abstract 
The main goal of this paper is to assess, from a probabilistic point of view, the seismic response of an unreinforced masonry 
building caused by the influence of the uncertainties and variability of the mechanical properties of the materials and the 
seismic actions. A seven-story isolated unreinforced masonry building is used as a case study. The typology to which the 
studied building corresponds is characterized by unidirectional iron beams-brick vaults slabs, supported by a system of solid 
clay brick load-bearing walls. Concerning the probabilistic assessment, the compressive strength (fm), Young modulus (E), 
shear modulus (G) and shear strength (τ0) of the solid clay masonry were considered as random variables. The damage 
assessment of the structure is inferred from the results obtained using the incremental dynamic analysis approach, which 
estimates the response of the structure when subjected to different levels of demand (pga) and a set of different ground 
motion records previously selected through the conditional spectrum method. The simple random sampling method without 
replacement was applied in order to obtain sufficiently representative samples for both, the values of the mechanical 
properties to be used, and the number of dynamic analyses to be performed. The results are categorized in accordance to the 
variables of interest. The response of the structure presents a visible tendency of higher values for the control variable, δroof, 
as the fm values decrease and the pga values increase. 
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1. Introduction 
Unreinforced masonry (URM) buildings belong to one of the most common and easily recognizable 

structural typologies of the urban dwelling stock of a large number of European cities. Despite the several 
similarities between these structure, many aspects, such as the year of construction, the construction methods, 
the quality of the labor force, the production processes and the quality of the materials, the intended use of the 
structure, or even the number of levels, determine their uniqueness in each country or region. 

At present, this type of structures still represents a large proportion of nearly the 70% of the totality of 8 
658 functional housing buildings of the City of Barcelona, Spain [1]. Furthermore, the majority of these 
buildings overpass 100 years old and were built without any consideration of the seismic action, making their 
study and subsequent assessment highly relevant in order to understand their vulnerability and response when 
subjected to any plausible solicitation. 

The mechanical properties of the materials are one of the most common sources of epistemic uncertainties 
due to the extensive variability of the construction units (i.e., solid clay bricks), being of particular interest for 
the building typology analyzed in this work. 

2. The Building 
Since its very foundation as a roman colony, Barcelona was always considered a strategic military 

emplacement and an important commercial pole in the Mediterranean Basin. Its development and physical 
growth occurred in different stages along the time, experiencing several enlargements of its surrounding walls, 
which resulted only in temporary and insufficient solutions [2].  

It was until 1856 when, without further limitations of the military ordinances, a complete and “unlimited” 
urban expansion of the city was allowed, including the demolition of the surrounding walls and the call for 
competition for the new enlargement (Eixample in catalan) project of the city [3, 4]. 

Among the different proposals, the project presented by the Civil Engineer Ildefonso Cerdà was selected 
and imposed by the central government. Nevertheless, and despite of being considered a watershed of the 
Urbanism of that age, the original project suffered distinct changes along the years in order to satisfy the 
demands of the different stakeholders and local authorities [5-7]. 

2.1 Main structural features 

The selected URM building for this work is fully representative of the structural typology of the Eixample 
district, which mainly consists of unidirectional iron beams-brick vaults slabs, supported by a system of solid 
clay brick load-bearing walls. A detailed description of the structural and architectonic features of the analyzed 
URM building can be found in [8]. 

The ground floor level of this type of buildings consist of high ceilings (Fig. 1.c) and diaphanous areas 
used predominantly for hospitality business or commercial purposes (Fig. 1.a). The upper levels have lower 
heights and the presence of inner bearing and partition walls (Fig. 1.b), being used mostly for housing or, in a 
lesser percentage, for offices [9]. 

The load-bearing walls system is composed of the façades walls, the lateral (intermediate) walls between 
buildings and the inner courtyard. Metallic load-bearing columns and girders can be found in the ground floor 
level, which support the additional load-bearing walls of upper levels [8, 10]. 

The contribution of a secondary partition walls system is neglected since their thicknesses are lower than 
10 cm and the contribution to the strength of the structure is not significant. 

The elements of the different walls and floor systems are poorly or not connected at all among them. 
According to the span (Fig. 1.d), lintels and parapets of various materials and varying sizes are used above 
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openings (doors, windows or balconies), which, being considerably weak areas, concentrate an important 
number of cracks and damages. 

According to the council regulations and documents of the time [11, 12], a 350 kg/m2 and a 200 kg/m2 
loads were considered as permanent and variable loads for the intermediate floors, respectively. A reduction on 
the variable load of 100 kg/m2 was considered for the roof level. 

The selection of the mortar and brick elements of the brickwork could vary depending on their quality, the 
type of structural element, range of loads to be resisted, height of the level, thickness of the wall, among other 
considerations. 

 
Fig. 1 Main structural distribution and dimensions: plan and isometric views of the ground (a) and 

typical (b) floors; and plan views of elevation (c) and front façade (d) 

2.2 Computational model 

The structure was modeled and analyzed through the Frame by Macro Element (FME) method, which is 
included in the 3MURI software and derives from the observation of the true behavior of buildings damaged by 
earthquakes taking into account the different damage mechanisms [13]. The software was developed by S.T.A. 
DATA in collaboration with the research teams from the universities of Genova and Pavia in Italy, led by prof. 
Sergio Lagomarsino [14-16]. 

As mentioned before, the main structural and architectural features of the building were modeled 
according to original floor plans, guidelines of the time, judgment of experts, technical and laboratory reports, as 
well as different databases. The model for this work considers only in-plane behavior of the walls, and a 
hysteretic law with a low-dissipation-level stiffness degrading (SD) and a softening parameter β=0.  

3. Mechanical properties of the materials 
The effects of all type of sources of epistemic uncertainties, described by means of random variables, can 

be taken into account in the probabilistic assessment of any structure. Nevertheless, the number, type and degree 
of influence of these uncertainties can significantly vary for each structure depending on different aspects such 
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as the location, construction and production methods at the time, construction materials, building ordinances and 
codes, etc. 

The construction period of the studied typology comprises the years 1860 to 1940 [1], in which the 
manufacturing of ceramic products intended for construction such as bricks, blocks, roofing or flooring tiles, was 
mainly done by hand with the use of local materials and rudimentary tools. Additionally, the firing process was 
performed in wood or coal-fired brick clamps or scove kilns, in which various factors such as the location of the 
pieces within the kiln, the lack of control over the firing once it started, or its susceptibility to external agents, 
produced scarce homogeneity and important fluctuations in the characteristics and quality of the finished product 
[17]. 

3.1 Variables of interest 

The compressive strength (fm), Young modulus (E), shear modulus (G) and shear strength (τ0) of the solid 
clay masonry were considered as random variables. In addition, the range of values considered for fm follow a 
two tailed normal distribution with α=10% and a confidence interval of 90%, whose corresponding critical 
values (i.e., rejection regions) closely resemble its previously established lower and upper bounds.  

A hypothesis of positive linear correlation is assumed in the relationships between each variable and fm: 
E=E(fm,ε); G=G(E, ε) and τ0=τ0(fm, ε), where ε  is a normally distributed variable with a zero mean value 
(µε=0) and a normalized variance (var(ε)=1), introduced in order to include the uncertainty of the hypothesized 
relationships. Additionally, with the purpose of adjusting the correlation in the distinct relationships and 
generating different samples of E, G and τ0 in terms of fm, a varying parameter is added, respectively. 

Accordingly, the first relationship is: 

𝐸 = 500𝑓𝑚 + 𝑎𝜀 (1) 

Where E, ε  and fm were previously defined, and a is the correlation adjustment varying parameter. In this 
relationship, the correlation coefficient between E and fm is ρ: 

𝜌 =
𝑐𝑜𝑣 (𝐸, 𝑓𝑚)

�𝑣𝑎𝑟(𝐸)𝑣𝑎𝑟(𝑓𝑚)
 (2) 

Where cov (E,fm) is the covariance between E and fm, and var(E) and var(fm) are the variances of E and fm, 
respectively. 

For a given sample of fm, the variance of E can be calculated as: 

𝑣𝑎𝑟(𝐸) = 𝑣𝑎𝑟 (500𝑓𝑚 + 𝑎𝜀) = 5002 𝑣𝑎𝑟(𝑓𝑚) + 𝑎2 𝑣𝑎𝑟(𝜀) (3) 

Moreover, the covariance between E and fm can be easily calculated: 

𝑐𝑜𝑣 (𝐸,𝑓𝑚) = 𝑐𝑜𝑣 [(500𝑓𝑚 + 𝑎𝜀),  𝑓𝑚] = 500 𝑣𝑎𝑟(𝑓𝑚) +  𝑎 ∙ 𝑐𝑜𝑣(𝜀,𝑓𝑚) = 500 𝑣𝑎𝑟(𝑓𝑚) (4) 

Consequently, the correlation coefficient can be written in terms of the parameter a, and, by reversing the 
relationship, a can be expressed in terms of the coefficient of correlation ρ as:  

𝑎 =
500�𝑣𝑎𝑟(𝑓𝑚)
�𝑣𝑎𝑟(𝜀)

�
1
𝜌2

− 1 (5) 

Following the same procedure undertaken previously for the Young modulus, the corresponding values 
for G and τ0 can be generated based on the subsequent relationships: 

𝐺 =
1
3
𝐸 + 𝑏𝜀 (6) 

𝜏0 = 0,03𝑓𝑚 + 𝑐𝜀 (7) 
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Where parameters b and c are used to adjust the correlations between G and E, and τ0 and fm, respectively.  

3.2 Selected values 

In order to extensively and sufficiently cover the possible variability, a total of N=1000 randomly 
generated and normally distributed units conform the finite population from which the sets of mechanical 
properties are generated according to the previously mentioned procedure. Suitable and reliable target values for 
each mechanical property of interest were determined based on the values and relationships reported in different 
sources [12, 18-25], numerous inspection visits and the opinion of experts. 

The corresponding histograms and distribution functions of each variable, as well as the linear regression 
and correlation between each different pair of variables are presented in Fig. 2. 

 

Fig. 2 – Matrix of the mechanical properties sets for the analyzed population, including: (a) histogram 
and corresponding fitted and cumulative normal probability density functions for each mechanical 

property; and (b) linear regression and correlation coefficients of each combination of analyzed 
mechanical properties 

4. Sampling 
Different fields of science, mathematics, technology and engineering involve the study of large 

populations. Due to the nature and size of some of these populations, the survey of each unit composing them is 
impractical, unrealistic, and usually impossible. A more feasible approach consists in studying an appropriate 
and sufficiently representative sample of the population of interest, which allows to make statements or 
inferences with known accuracy about the whole, optimizing the workload and resources needed for this 
purpose. 

For the purpose of this work, the simple random sampling (SRS) method without replacement was chosen. 
The SRS method considers that each unit of the population has an equal probability of being selected. 
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The calculation of the sample size, n, associated with the finite population, N, is performed assuming an 
equally skewed 50% sample proportion, p, a 5% margin of error and a 95% confidence level (α=5%), which are 
considered standard values in quantitative research (Eq. (8)). A finite population correction factor (FPC) was 
applied to take into account the fact that the sample is selected from a finite population without replacement and 
with a sampling fraction, n/N, greater than or equal to 5% (Eq. (9), Eq. (10) and Eq. (11)). 

𝑛0 =
�𝑝 ∙ (1 − 𝑝)�

�𝑚𝑎𝑟𝑔𝑖𝑛𝑒𝑟𝑟𝑜𝑟 𝑧𝑠𝑐𝑜𝑟𝑒� �
2 (8) 

√𝑛 = �𝑛0 ∙ 𝐹𝑃𝐶 (9) 

𝐹𝑃𝐶 = �𝑁 − 𝑛
𝑁 − 1�  (10) 

𝑛 =
𝑛0 ∙ 𝑁

(𝑁 − 1) + 𝑛0
 (11) 

Where n0 is the sample size without considering the FPC factor; and n is the corrected sample size to be 
used. A corrected sample size of n=278 is obtained for the finite population of N=1000 units of this work. 

In order to verify that the selected sample for the compressive strength, fm, comes from a normal 
distribution with population parameters µ=2.982 MPa and σ=0.492 MPa, a one-sample Kolmogorov-Smirnov 
test with a 5% significance level was performed. 

5. Modal Analysis 
As suggested in the literature, the number of degrees of freedom of the structure was condensed into three 

modes per floor (two horizontal translations and one rotation about the vertical). Consequently, and in order to 
consider that the number of computed modes is sufficient to capture the dynamic response of the structure, it was 
checked that the sum of the effective masses corresponding to the fundamental modes moved at least between 
80% and 90% of the total mass for any given response direction. The latter, added to the corresponding box-
behavior for this type of structures allowed to dismiss the influence of higher modes [26-29]. 

A total of 21 modes (GF+6 levels) were considered for each of the 278 selected samples in order to 
perform the modal analyses. For both directions, +X and +Y, the percentage of activated mass in the first 
fundamental mode was considerably higher than in any other fundamental mode, confirming that the behavior of 
the structure is mainly governed by the first mode. The first natural periods for each direction, T1X, T1Y, and the 
resulting correlations with the different selected variables, fm, E, G, and τ0, are shown in Fig. 3.a.  

6. Demand 
Ten equal-size periods intervals were defined from the combined results (Eq. (12)) of the first 

fundamental periods for both directions, +X and +Y (Fig. 3.e).  

𝑇1𝑋𝑌 =
(𝑇1𝑋 + 𝑇1𝑌)

2
 (12) 

As suggested in the literature [30-32], and for the average period of each interval, sets of 7 unscaled 
records were selected with the conditional spectrum (CS) method [33, 34] in order to match with the 
corresponding target design response spectrum (Fig. 4.a) for a probabilistic scenario, soil type 2 and pga=0.194g 
[35-37], obtained in accordance to the micro-zonation studies performed for the urban area of Barcelona and the 
location site of the building within the city [38-40]. 

It was observed that most of the records obtained for each interval were recurrent, and therefore a unique 
initial set of records was selected for all the periods intervals taking into account the ranking of the records 
previously obtained. In addition, a second record selection criterion was established due to certain software 
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constrains regarding the number of points of the records and the complexity (number of nodes) of the 
computational model. Finally, after reducing significantly the number of points of each record through the Arias 
Intensity (AI) approach [41], a set of 7 representative records for all the periods intervals was selected  (Fig. 4.b). 

 
Fig. 3 – a) Correlation between the first fundamental vibration period, Ti, with the selected variables, fm, 

E, G, and τ0, for both analyzed directions, +X and +Y; b) combined first fundamental modes of both 
directions, T1X and T1Y; c) normal distribution function; d) cumulative distribution function; and e) 

equal-size periods intervals (histogram)  
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Fig. 4 – a) CS median response spectrum and records details; and b) Original and shortened (after AI) 

accelerograms of the selected records 

7. Incremental Dynamic Analysis (IDA) 
The incremental dynamic analysis (IDA) approach, proposed by Vamvatsikos and Cornell [42], takes into 

account the variability to which the structure is subjected by the use of one or more matching ground motion 
records, which are incrementally scaled to different pga values. Consequently, the procedure allows to estimate 
the evolution of the structural response of the building by means of a series of response curves in function of a 
control variable, (e.g. maximum roof displacement) in accordance with the incremental pga values used for each 
selected record. Despite the important computational effort and time consumption, this method is considered as a 
reference for the seismic risk evaluation. 

For this work, the range of pga scaling values for the set of 7 records comprises the accelerations between 
0.02 g and 0.30 g, with a ∆pga of 0.01 g. Accordingly, the previously mechanical parameters sample (n=278), 
the number of records (7) and the number of scaling pga values (29) conform the second population, 
N2=278x7x29=56 434 units, from which a sufficiently representative second sample, n2=382, was selected 
following the sampling procedure explained in Section 4.  

A total of 382 dynamic analyses were performed and post-processed for each direction with the 3MURI 
and MATLAB [43] programs, respectively.  

Fig. 5 shows the corresponding results for all the 382 analysis for both directions of analysis, +X and +Y. 
It can be observed that as the PGA increases, the response of the structure increases as well. Nevertheless, the 
response can significantly fluctuate from one record to another due to specific particularities of each selected 
ground motion, such as the frequency content, the corresponding magnitude and pga, among others. 
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Fig. 5 IDA results for each sampled record and pga, for both directions, +X and +Y: PGA vs maximum 

roof displacement, δroof 

The results are categorized and presented in accordance with the different variables of interest, fm, E, G, 
and τ0, either for each individual ground motion (Fig. 6) or for the full set of records (Fig. 7). 

 
Fig. 6 Example of IDA results of the +X direction for fm, with δroof as control variable for each 

individual sampled record and pga 
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Fig. 7 IDA results for fm, with δroof as control variable for the full set of selected records and values of 

pga: a) polyfit surface of the results; b) residuals plot; and c) contour plot 

From the contour plots (Fig. 7.c) and for a specific pga, it can be observed that the response of the 
structure varies along the fm values, presenting a visible tendency of higher displacements for lower fm values as 
the pga increases. 

The evolution of the control variable, δroof, with respect to the pga follows a lineal tendency with an 
adjusted slope which is lower for records 2 and 7, and higher for records 5 and 6, respectively. The difference in 
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the slopes is considerable, since, for high pga values, the associated δroof of record 6 almost triples the 
corresponding δroof of record 2. Additionally, for records 3 and 4 the results presented in this work include a 
certain discontinuity in the response tendency in the form of high δroof values for intermediate pga values. 

8. Conclusions 
The results and the corresponding quality of any research study are significantly dependent on the selected 

sample(s). Therefore, an adequate, representative and properly designed sample is critical in order to prevent 
false or misleading results.  

The dependence of the control variable, δroof, with respect to the pga is mainly lineal. Nevertheless, and 
depending on the selected record, it was observed that for high values of pga, the amplitude of the response 
differs considerably. This, along with the results for intermediate values of pga found for records 3 and 4, shows 
the need of a more detailed study for the selection of the records. For this work, the target design spectrum and 
the fundamental vibration period of the structure were taken into account as variables for the selection process. 
The inclusion of other parameters would permit a better adjustment.  

A properly selected set of records permits to represent in an adequate form the variability of the demand, 
which is directly correlated with the obtained results. In order to reduce external/additional uncertainties and 
non-desirable effects, several parameters such as the frequency content, the pga, epicentral and hypocentral 
distances, focal depth, registered magnitude, record duration, among others, should be taken into account in this 
process.  

The response of the structure presents a visible tendency of higher values for the control variable, δroof, as 
the fm values decrease and the pga values increase. 

Further future lines of research are advised taking into consideration other (extra) uncertainty sources such 
as live and dead loads, viscous damping, support length of lintels and slabs, wall thicknesses, sampling size, 
among others. 
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