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Abstract 
A stress-strain model is proposed to define the relationship between axial compressive stress and strain for circular hollow 
steel stub (CHSS) columns, which have been widely used as predominant gravity-sustaining structural component in 
transportation terminal buildings. The proposed model consists of two curves, one of which is intended to depict the 
ascending branch and account for the effect of residual stress induced during the manufacturing process, and the other is to 
depict the descending portion and account for the effect of local buckling, either elastic or inelastic. Test results of thirty-
five circular steel stub columns under monotonic axial compression are collected to calibrate and validate the model. The 
experiments were conducted in Japan and Australia. The previous tests of circular stub columns under concentric 
compression cover a wide range of structural factors such as D/t ratio and yield strength of steel tube. The D/t ratio ranged 
from 16.7 to 221, while the yield strength varied from 186 MPa to 835 MPa. Comparisons between the experimental stress-
strain curves and theoretical results indicated that the proposed model could simulate compressive stress-strain behavior of 
CHSS columns up to large strain with very high accuracy.  
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1. Introduction 
Circular steel tube column (CSTC) has been well used as primary gravity-sustaining structural component in 
transportation terminal buildings located in earthquake-prone zones. In order to make full use of high strength 
and sound ductility of the steel, most of current design codes for steel structures put an upper limit upon the 
diameter-to-thickness (D/t) ratio of circular steel tubes. This upper limit is intended to ensure that local buckling 
of the steel tube does not occur before a CSTC under seismic loading develops its plastic moment-resisting 
capacity, which is generally referred to as plastic flexural strength (PFS).  

However, lessons learnt from recent mega-earthquakes such as 2008 Sichuan earthquake and 2011 East 
Japan earthquake present a new challenge to modern steel structures. Building structures may be vibrated by 
much stronger ground motion than anticipated in current seismic codes. Under the ground motion stronger than 
anticipation, steel structures and components may experience larger deformation than the limit anticipated in 
current codes, resulting in unexpected local buckling in compressive CSTCs. 

In addition, recently a potential mega-earthquake publicly named as Nankai-trough earthquake has 
gained more and more attention from the structural engineering community in Japan. The Nankai-trough 
earthquake is predicted to have a magnitude of at least 8.0 [1] and may cause strong ground motion with long-
term natural period, leading to intense resonant vibration of the high-rise steel buildings. Hence, it is of urgent 
importance to understand seismic performance of steel structures under mega-earthquakes beyond anticipation. 
To analyze ultimate behavior of steel structures, a complete stress-strain model which can account for effect of 
local buckling on the compressive behavior of steel columns is indispensable. Unfortunately, none of the current 
design codes [2-6] specify the post-local-buckling behavior of steel stub columns.  

 While there are several complete stress-strain models for square steel stub columns in the literatures [7-9], 
no such a model for circular hollow steel stub (CHSS) columns exists at present. Many researchers have 
experimentally and analytically investigated the stress-strain behavior of CHSS columns under compression [9-

14], but most of the previous studies focused only on the local buckling strength and corresponding strain without 
analyzing the complete stress-strain curve.  

 The objective of this paper is to propose a complete stress-strain model for CHSS columns under 
compression. The proposed model consists of two curves. One curve is to predict the ascending portion and to 
trace the effect of the residual stress induced during manufacturing process of the CHSS, and the other is depict 
the post-local-buckling behavior. 

2. Description of the previous experimental data 
Experimental results of thirty-five CHSS columns [12-15] under concentric compression are collected to calibrate 
and validate the proposed model. Fig. 1 shows the relationships between two structural factors and the measured 
peak stresses and the strains (εsm) at the peaks. Each measured peak stress shown in Fig. 1 represents the 
buckling strength of the stub column and is expressed in terms of strength ratio (Sexp), which is the ratio of the 
measured peak stress to the yield strength (fsy) of steel. The test stub columns have identical aspect ratio of 3.0 in 
Japan and 3.5 in Australia, respectively. 

As one can see from Fig. 1, the previous specimens cover a wide range of structural factors; the section 
diameter between 108 mm and 450 mm, the D/t ratio between 16.7 and 221, and the yield strength of steel 
between 186 MPa and 835 MPa, covering nearly all grades of CHSS available on the market.   

3. Complete stress-strain model for CHSS columns under compression 
As illustrated in Fig. 2, the proposed model consists of two curves. One curve is for the ascending branch and the 
other is for the descending portion. According to the proposed model, compressive stress (fs) corresponding to a 
given compressive strain (εs) can be obtained as follows: 
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(a) Measured strength ratio Sexp (b) Measured peak strain εsm 

Fig. 1 – Distribution of the main experimental variables in previous tests 
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Fig. 2 – Outline of the proposed stress-strain model for CHSS columns under compression 
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 Obviously, to completely determine the stress-strain relationship, three groups of parameters need to be 
fixed. They are, 1) parameters Q, N and εch for the ascending portion, 2) stress fsm and strain εsm to define the 
peak point P, and 3) a and b that govern the shape of the descending portion. Mathematical expressions of these 
parameters will be developed in the following sections. 

3.1 The parameters defining the ascending portion 
Eq. (1) is the well-known Menegotto-Pinto function that was originally proposed to predict Bauschinger’s effect 
on the stress-strain behavior of steels under cyclically repeated loading [16]. As the initial stiffness Es (=205000 
MPa) in Eq. (1) is known, only the second stiffness ratio Q (see Fig. 2) and the round coefficient N need to be 
fixed since the strain εch, which is referred to as characteristic strain, can be calculated after fixing Q and N. 

 Based on the experimental investigation of monotonic and cyclic stress-strain behavior of dozens of 
reinforcing bars, one of the authors and his colleagues have developed equations to calculate Q and N for high-
strength reinforcing bars that do not exhibit clear yield plateau. By modifying the equations proposed by Sun et 
al. [17], the following equations are adopted to calculate Q and N for CHSS columns under compression. 

 ( ) 2.50.1 0.005,    in %   ;    6.0   sm smQ Nε ε−= ≤ =  (2) 

         After determining Q and N by Eq. (2), the characteristic strain εch can be obtained as the abscissa of the 
intersection of the initial straight line and the straight line crosses the point P0 (εsm, Sfsy) with stiffness QEs. 

                                       ( ) s

smssy
ch EQ

QESf
−

−
=
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ε

ε                                                                                        (3) 

 Fig. 3 shows relationships between the measured strength ratio Sexp and two factors, the D/t ratio and the 
generalized diameter-to-thickness ratio α  of steel tubes. The strength ratio S exhibits more pronounced 
correlation with α than D/t ratio. By conducting regression analysis of the test results shown in Fig. 3, the 
following equation is obtained to calculate the strength ratio S in Eq. (3). 

s

sy

E
f

t
DS =

+
= α

α
      ,

8.173.0
1                                                       (4) 

3.2 The peak stress fsm and peak strain εsm 

To identify critical factors affecting peak strains εsm, Fig. 4 shows relationships between the measured εsm and 
D/t ratio as well as α of steel tubes. It should be noted that the measured εsm presented in the second graph in 
Fig.4 is normalized by yield strain εsy (=fsy / Es). The D/t ratio seems to exhibit stronger correlation with the 
experimental results than α. For the twenty-six specimens with D/t ratio less than 100, the coefficient of 
determination (R2) between the measured εsm and D/t ratio, however, will decrease from 0.8571 to 0.6431. Based 
on this fact, Eq. (5) is derived to calculate the peak strain εsm. 
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                   Fig. 3 – Relationships between the measured strength ratio S and main variables 
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Fig. 4 – Relationships between the measured peak strain εsm and main variables 
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After determining the peak strain εsm by Eq. (5), the peak stress fsm can be obtained by substituting the 
determined εsm into Eq. (1) as follow: 
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 The peak stress fsm obtained by Eq. (6) is the peak stress for the ascending portion, and will be also 
adopted as the peak stress for the descending portion in lieu of Sfsy to ensure continuity of the two curves defined 
by Eq. (1) at the peak point P (see Fig. 2). Fig. 5 displays the influence of this replacement on the buckling 
strength of CHSS columns. The ordinate in Fig. 5 expresses the ratio of fsm to Sfsy. 

 Fig. 5 indicates that the ratio of fsm to Sfsy is over 0.99 for CHSS columns with α less than 0.25. The 
difference between fsm in Eq. (8) and Sfsy in Eq. (6) is about 1% on the conservative side. Such small difference is 
negligible from the viewpoint of practice, and implies validity of replacing Sfsy with fsm calculated by Eq. (8) as 
the peak stress of the descending portion. 
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Fig. 5 – Comparison of the peak stress (fsm) and the calculated buckling strength (Sfsy) 

3.3 The parameters a and b for the descending portion 

The two parameters governing the descending portion of the proposed model can be determined if the ordinates 
of two points on the descending curve are known. The descending curve must pass the peak point P (εsm, fsm) 
(see Fig. 2) to maintain continuity with the ascending curve, and the other point at larger strain can be selected 
arbitrarily. It is rational to select a point where the decline in the compressive stress becomes sufficiently gentle. 
This point is expressed as point D (εres, fres) in Fig. 2. Since previous experimental results have indicated that the 
local buckling is no longer critical in hollow steel stub columns if the peak strain was larger than 0.03 [18], this 
paper will take the strain of 0.04 as the abscissa εres of the point D. The remaining challenge is to determine the 
corresponding stress fres, which is referred to as the residual strength hereafter. 

 Fig. 6 shows relationships between the residual strength ratio R, which is the ratio of residual strength 
measured at strain of 0.04 to the peak stress, and two factors, the generalized diameter-to-thickness ratio α and 
the measured peak strain εsm.  
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 One can see from Fig. 6 that the measured peak strain εsm exhibits stronger correlation with the residual 
strength ratio R than α. Based on the results shown in Fig. 6, the following equation is derived to calculate the 
residual strength fres at the strain of 0.04. 

( )0.05 0.3  ,         in %res sm sm sm smf Rf fε ε= = +    (7) 

 Then the parameters governing the descending portion can be obtained as follows: 

 ( )
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=
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 As can be seen from Eq. (2) through Eq. (8), the proposed stress-strain model is a one-parameter model. 
Only if the generalized diameter-to-thickness ratio α of steel tubes is known, the local buckling strength Sfsy or 
fsm, the buckling strain εsm, and the stress-strain relationship for CHSS columns can be completely determined. 

3. Verification of the proposed model  
Fig. 7 shows comparison between the measured peak stresses and strains and the calculated results along with 
the statistical results. The “mean” and “St. Dev.” superimposed in Fig. 7 represent the average and standard 
deviation of the experimental to calculated results, respectively.  

The calculated peak stresses agree very well with the experimental results. The ratio of experimental 
strengths to calculated ones has a mean value of 1.00, and a standard deviation of 0.07, which implies high 
accuracy of Eq. (4) and Eq. (6). Based on this observation, authors recommend that Eq. (4) can be used to 
predict the local buckling strength of CHSS columns due to its simplicity and Eq. (6) can be used to conduct 
intensive analysis of the seismic performance of CHSS columns. 

One can also see from Fig. 7 that the experimental peak strains can be predicted by Eq. (5) with sufficient 
accuracy. The experimental/calculated ratios have a mean value of 1.1 and a standard deviation of 0.24. While 
scattering is observed between the experimental peak strains and the calculated ones, considering the instability 
of the peak strains due to the near-zero stiffness, these two statistical values indicate that Eq. (7) is reliable and 
accurate enough for practice. 
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Fig. 7 – Comparisons between the measured and calculated peak stresses and peak strains 
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In order to examine total accuracy of the proposed model, comparisons between the measured stress-strain 
curves of six representative CHSS columns  and the calculated ones are shown in Fig. 8. The main experimental 
parameters of these columns are listed in Table 1. 

Table 1 – Main variables of representative specimens  

Notation D(mm) fy (Mpa) D/t L/D α Ref. No. 

NO.1 122 579 26.9 3 0.076 

[12] NO.2 149 283 50.3 3 0.069 

NO.3 360 579 79.3 3 0.224 

NO.4 318.5 514.5 77.7 3 0.195 [13] 

NO.5 301 283 101.7 3 0.140 
[12] 

NO.6 450 283 152.0 3 0.210 
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          Fig. 8 – Comparisons of experimental and calculated stress-strain curves of CHSS columns 
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One can see from Fig. 8 that the calculated stress-strain curves by the proposed model agree well with the 
measured results up to larger strain. The proposed model can trace not only the nonlinearity caused by residual 
stress on the ascending portion of the stress-strain curve, but also the post-local-buckling behavior with very 
high accuracy. 

To further verify the accuracy of the proposed model, Fig. 9 compares the areas covered by the measured 
stress-strain curves prior to the last unloading strain with those covered by the calculated stress-strain curves in 
terms of the relationship between the experimental-to-calculated area ratios. The experimental-to-calculated area 
ratio has a mean of 0.95, and a standard deviation of 0.15, which implies sufficient high accuracy for practice.  

 
Fig. 9 – Overall accuracy of the proposed model 

5. Conclusions 
In this paper, a stress-strain model is proposed to predict the compressive stress-strain behavior of cold-formed 
circular hollow steel stub columns. The proposed model can account not only for the effect of nonlinearity due to 
residual stress induced during manufacturing process, but also for the effect of elastic and inelastic post-local 
buckling on the stress-strain performance of CHSS columns under compression. 

In order to verify validity and accuracy of the proposed model, the test results of thirty-five CHSS 
columns conducted by many researchers have been collected and used. Through comparisons between the 
experimental results and the calculated ones, the following conclusions can be drawn: 

 (1) The proposed model can predict stress-strain behavior of circular hollow steel stub columns under 
compression up to large strain very well. 

(2) The local buckling strength and buckling strain where elastic or inelastic local buckling commences 
can be predicted with very high accuracy by Eq. (4) and Eq. (5), respectively. 

(3) The proposed model is a one-parameter model. Only if the generalized diameter-to-thickness ratio (α) 
is known, the compressive stress-strain relation of CHSS columns can be completely determined.  

(4) Due to its simplicity and accuracy, the proposed model enables structural engineers to conduct reliable 
prediction of seismic performance of steel structures made of CHSS columns under stronger earthquake than 
anticipated in current seismic design codes. In addition, the proposed model can open a way for researchers to 
study the axial behavior of circular concrete-filled steel tubular columns with higher reliability. 
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