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Abstract 

The focus of this paper is the unexpected fluctuation found in the seismic response due to a slight difference in the settings 

of structural parameters. Over the past few decades, the performance of computers has improved considerably, and 

simulation-based techniques with a large mass of information on objective structures can easily be applied to damage 

evaluations, hazard assessments, and so on. For simulation-based techniques, the numerical models must be set 

appropriately. Thus, design parameters or other equivalent values for the targeted structures are often incorporated into the 

numerical models, although it is known that there are certain discrepancies between the design parameters and the actual 

properties of existing structures. Since the numerical results necessarily fluctuate according to these discrepancies, a kind of 

“uncertainty” should be taken into account for the structural parameters and for the corresponding responses in order to 

ensure the reliability of the numerical results. Although it is still quite a task to determine the uncertainty of structural 

parameters quantitatively, examining the statistical properties of the fluctuation in seismic response caused by certain gaps 

in the structural parameters is of significant importance.  

To statistically examine the fluctuation properties of the seismic response, a large number of numerical tests were 

conducted using several numerical models of the common type and various input earthquakes. This study employed models 

with single- and multi-degrees of freedom that were modeled by shear-spring masses. The skeletons of the shear springs 

were modeled by normal bilinear or trilinear types, that are generally applied to concrete structures, base-isolated members, 

and so on. The yield force and the elastic period were taken as the input structural parameters in this study because the 

performance of structures can be clearly determined with them and they have a direct effect on the seismic response. The 

maximum story drift angle was taken as the response quantity, as it is an important factor for evaluating the damage level 

when building structures. To discuss the fluctuation in seismic response accompanied by slight changes in the yield force 

and the natural period, the maximum gap between the maximum story drift angles for the corresponding yield force and 

natural period within a certain band, was examined under several combinations of structural properites and various input 

earthquakes. 

Introducing the ratio of fluctuation, Rfj, as an evaluation index, the statistical properties of the seismic response were 

summarized as follows: 1) The mean of Rfj with a slight change in the yield force highly depends on the ductility level. 2) 

The mean of Rfj with a slight change in the natural period of structures depends more on the natural period than on the 

ductility level. 3) A slight difference in structural parameters, for instance, 2% in yield force or 0.01 s in natural period, may 

possibly cause a difference in the maximum story drift angle of around 10%. 4) Rfj agrees well with the beta distribution. 

Keywords: Seismic response analysis, Model uncertainty, Mass model, Story drift angle, Ductility 
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1. Introduction 

When a great earthquake disaster strikes a large city, minimizing the damage expansion is always an important 

issue. Various techniques to predict the possible loss of human lives and material damage have been proposed 

and developed, for instance, the probabilistic seismic hazard analysis (PSHA)1),2), fragility curves3),e.g., and 

national seismic hazard maps4) are popular ones. On the other hand, the performance of computers has 

considerably improved in recent years and simulation-based techniques are more attractive and more practical 

for use as damage assesment tools than old empirical methods if reliable information on the structural parameters 

of the objective structures can be introduced into the numerical model. For instance, the integrated earthquake 

simulator (IES)5) is one of the powerful tools for conducting inclusive damage investigations or safety 

evaluations in target areas6) for the seismic response of not only a large number of buildings, but also large-scale 

continuous infra-structures, human action during evacuations, and so on.  

With such a numerical simulation, the setting (or assuming) of many structural properties for the objective 

structure is necessary in order to quantitatively estimate its response and evaluate its safety. As a matter of 

course, the structural properties should be assumed rationally because they govern the seismic behavior of the 

structure. In most cases, the design parameters, or the other equivalent values of the targeted structure, are 

introduced as the analytical conditions. However, the parameters do not necessarily correspond to the current 

state of existing buildings. In other words, there are some discrepancies between the design parameters and the 

actual parameters. Thus, a kind of “uncertainty” should be taken into account for structural parameters and the 

corresponding responses to ensure the reliability of the numerical results. Considering the difficulty in 

determining the uncertainty of structural parameters, this study examined the statistical properties of the 

fluctuation in seismic response caused by certain gaps in the structural parameters.  

To statistically examine the properties of fluctuation in the seismic response, a large number of numerical 

tests were conducted using simple and general types of numerical models and various input earthquakes. This 

study employed models with single- and multi-degrees of freedom that were modeled by shear-spring masses. 

The skeletons of the shear springs were modeled by normal bilinear or trilinear types, that are generally applied 

to concrete structures, base-isolated members, and so on. The yield force and the elastic period were taken as the 

input structural parameters in this study because the performance of structures can be clearly determined with 

them and they have a direct effect on the seismic response. The maximum story drift angle was taken as the 

response quantity, which is an important factor when building structures. To discuss the fluctuation in the 

seismic response accompanied by slight changes in the yield force and the natural period, the possible gaps in 

the maximum story drift angle within certain bands of the yield force and the natural period were calculated for 

several combinations of structural properites and various input earthquakes. 

2. Analytical conditions and evaluation method 

2.1 Fluctuation in numerical values in seismic analysis 

Let X be one of the structural properties and Y be the seismic response or the corresponding damage index. 

Figure 1 shows a diagrammatic sketch of the relationship between X and Y; Y=g(X). In the figure, the symbol j 

represents a discrete point of X and ΔXj indicates the width of the j-th band within X. Yjmax and Yjmin denote the 

maximum and the minimum response values within ΔXj, respectively. The figure on the left is an example of the 

case in which Y changes in an inversely proportional way to X, but the change is comparatively stable. In such a 

case, the gap between the response values is small or predictable for the narrow band of ΔXj. For complicated 

nonlinear analyses, however, Y often fluctuates in an unstable manner, as shown in the figure on the right. The 

numerical response then takes unexpected values even if the width of ΔXj is narrow. Such a gap in Y, that is, 

|Yjmax−Yjmin|, possibly affects the reliability of the assessment based on the numerical simulation. Considering 

these points, a stochastic method should be introduced into the simulation or a proposition should be assumed 

whereby the numerical results take values within a certain range. Although it is a great task to generalize the 

possible range quantitatively, the characteristics can be examined statistically by introducing a large number of 

numerical tests.  
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                                 (a) Relatively stable but sensitive              (b) Unstable and relatively insensitive 

Fig. 1 – Diagrammatic sketch of relationship between X and Y  

 

2.2 Model settings and analytical cases 

To examine the characteristics of fluctuation statistically, several types of numerical models and various input 

earthquakes were employed in this study. The numerical models and analytical conditions for the calculation are 

as follows: As a basic model, shear-spring mass models which have an n degree-of-freedom (nDOF) for one 

direction were employed in this study. The skeletons of the story stiffness were set by normal bilinear or trilinear 

types, as shown in Fig. 2, because these skeletons are generally applied to concrete structures, base-isolated 

members, and so on. An example of the model is shown in Fig. 2. The model has the same story mass M, and the 

j-th story stiffness Kj is designed to satisfy the Ai-distribution that is adjusted to the targeted elastic period (T1). 

The model damping factor of 3.0% is considered. For n > 1, Rayleigh damping is applied as the viscous damping 

matrix using a damping factor of 3.0% for the first and second modes. Newmark’s beta method with the time 

interval of dt=0.001 s was applied. γ is the ratio of the yield stiffness Kjy to the initial stiffness Kje. 

 

 

 

 

 

 

 

 

        <1DOF model>            <3DOF model>             <Skeleton of shear spring>             <Structural properties>  

Fig. 2 – Model settings 

Two structural properties were selected here as X. They are coefficient Cb (=Py /W), instead of yield force 

Py, and the elastic period of the structure (T1), because the structure’s performance can be clearly determined and 

they have a direct effect on the seismic response. As seismic response Y, the maximum story drift angle of the 

structure, θmax, is used (Y=θmax). As for X, the following ranges are considered in the calculation: 

X=Cb [−]  :  0.1  X 0.9 ,  dX=0.02  (NCb=41) 

X=T1 [s]  : 0.05  X 0.45,  dX=0.01 (NT1=41) 

where symbol dX denotes the interval of discretized X=Xj, and NCb and NT1 are the numbers of discretization 

points existing within the above ranges, respectively. Table 1 shows the analytical conditions for the calculation, 

where superscript t of p1 denotes the earthquake number. As the total number of the artificial waves and the 

observed waves are respectively 886 and 1189, namely, t takes values from 1 to 886 for p1
t=1, and to 1189 for 

p1
t=2. One numerical simulation (for one input earthquake) was conducted for 1681 (=NCb×NT1) combinations of 

Floor height        : HS = 4.0 [m] 

Floor unit weight: ρ =1.0 [t/m2] 

Floor Area          : A = 100 [m2] 

Floor mass          : M = ρA [t]  

Floor weight       : W = Mg [kN]  

Yield force         : Py= CbW 

where   A : floor area [m2] 

         g : Gravity [m/s] 

Cb : Coefficient  
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Cb and T1 for the condition {P}={p1
t, p2, p3, p4, p5}. pi takes the value of 1 or 2. For example, {P}={1,2,2,1,1} 

indicates that the conditions of “the artificial wave” and “the 3DOF-bilinear model with γ=0.01” are applied. 

Consequently, 886 calculations are conducted by using all artificial waves. The total number of patterns in {P} is 

32 (=2C1
5) and this study took only 24 cases, except for the case of {p1

t, p3}={1, 2}. (The number of patterns for 

{p1
t, p3}={1, 2} is 2C1

3.) From the numerical study using a large number of input waves, a sufficient number of 

response values was obtained and the statistical properties of the response are herein discussed.  

Table 1 – Conditions for calculation 

Condition’s p1
t p2 p3 p4 p5 

No. < Input > < DOF > < γ = Kje/Kjy > Skeleton ΔX 

1 Artificial waves* 1 0.001 Bilinear dX 

2 Observed waves** 3 0.01 Trilinear 5dX 
* Scenario earthquake “Nankai Trough” by the Cabinet Office, Government of Japan; The total number of waves is 886. 
** Records observed during the 2011 Tohoku Earthquake (http://www.kyoshin.bosai.go.jp/kyoshin/); The total number of waves is 1189. 

 

2.3 Evaluation index 

From one numerical simulation, 1681 (=NCb×NT1) values for θmax can be calculated, as shown on the left 

graph of Fig. 3. The simulation is conducted for all objective waves, accordingly, 886 graphs are obtained when 

p1
t=1, and 1189 ones are obtained when p1

t=2. To examine the statistical properties of the gaps of θmax within the 

j-th band, ΔXj, the following index is introduced as the response quantity. The ratio of fluctuation, Rfj
s,t, is a 

function of Xj and the maximum ductility μymax under the condition of ws and pi (i=1,..,5, shown in Table 1). 

Variables μymax and ws are explained below. 
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Fig. 3 – Outline of calculation process of Rfj 

For instance, in the case of X=T1, the Rfj
s,t is calculated on all lines of Cb=ws (ws = 0.1+0.02(s−1), s=1,2,…,41 ∵

0.1 ≤ Cb ≤ 0.9 and dCb=0.02) for each band of ΔXj, for all j in the range of 0.05  T1 0.45 (dT1=0.01). The total 

number of ΔXj for each line of Cb=ws is 40 for p5=1 and 36 for p5=2, respectively. Likewise, in the case of X=Cb, 

the Rfj
s,t is calculated on all lines of T1=ws (ws = 0.05+0.01(s−1), s=1,2,…,41 ∵0.05 ≤ Tb ≤ 0.45 and dT1=0.01) 

for each band of ΔXj, for all j in the range of 0.1  Cb 0.9 (dCb=0.02). The total number of ΔXj for each line of 

T1=ws is 40 for p5=1 and 36 for p5=2, respectively. In addition, ductility is possibly one of the factors which 

affects Rfj. Hence, the calculated Rfj was classified into each scale of μ according to the scale of μymax within ΔXj. 
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In this study, the scale of μymax was discretized to 0.5 and the cases of μymax>8 were omitted. This means that the 

scale of μymax was classified to 16 levels. To explain the statistical characteristics of Rfj
s,t, the mean and the 

standard deviation of Rfj
s,t were calculated for each combination of Xj and μymax as follows:  
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where Nst = Nst (Xj , μymax) is the existing number of Rfj
s,t corresponding to X=Xj and μ=μymax. 

3. Statistical properties of fluctuation in seismic response 

3.1 Comparison of mean and standard deviation of Rfj
s,t  

Figure 4(a) shows RfjAve (Cb, μymax |{P}) and RfjStd (Cb, μymax |{P}), for X=Cb. The upper figures are for the 

condition {P}={1,1,1,1,1}, i.e., for artificial waves, 1DOF bilinear model with γ=0.001, ΔXj=0.02, while the 

lower ones are for the condition {P}={1,1,1,2,1}, that is, the trilinear model case. In the same manner, the upper 

figures of Fig. 4(b) show them for {P}={1,1,1,1,2}, while the lower ones show them for {P}={1,1,1,2,2}. 

Considering that X=Cb and ΔXj=0.02, 0.1 indicates the different rates in Py, namely, 2% and 10%, respectively.  

All the figures of RfjAve (Cb, μymax |{P}) seem to depend much more on the level of ductility than on the 

scale of Cb, although they depend slightly on the scale of Cb in the case of the trilinear model. On the whole, it 

seems that the larger the level of ductility of the structural responses, the more the difference in the response due 

to the uncertainty of Cb increases. Concretely, it is outlined that if the ductility stays less than 3.0, the ratio of 

fluctuation caused by the only 2% difference in Py is averagely around 0.1 and its standard deviation is around 

0.1, and the ratio of fluctuation caused by the 10% difference in Py is averagely around 0.3 and its standard 

deviation is around 0.1 or more. The results vary slightly depending on skeleton type. The graph seems to be 

more complicated for the trilinear model than for the bilinear model. 

To compare the characteristics of the mean and the standard deviation of Rfj
s,t, the similarity between two 

graphs was calculated using the following norm:  
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( pi = pi‘ for i≠k and pi ≠ pi‘ for i=k)  (5) 

where W indicates RfjAve or RfjjStd, Nu and Nv are the number of discretized u and ν, respectively. This norm 

represents the averaged difference between the two graphs for RfjAve (X, μymax) or RfjStd (X, μymax), the difference 

caused by the difference in condition pk. In other words, the ||W||k approaches zero if condition pk has almost no 

influence on Rfj
s,t. Figure 5 shows the ||W||k for each condition k. The values for ||RfjAve||k for k=1, 2, and 3 are 

equal to or less than 0.05; however, some of those for k = 4 exceed 0.1. These results indicate that the pattern of 

RfjAve (Cb, μymax) possibly varies for different skeleton types; however, it is analogous if the conditions of the input 

earthquakes, the number of DOFs, and the stiffness ratio are different. On the other hand, the values for ||RfjStd||k 

are equal to or less than 0.05 for all k. This indicates that the pattern of RfjStd (Cb, μymax) is relatively stable. 

Further, it means that the Rfj stably takes values around RfjAve (Cb, μymax). These tendencies of RfjAve (Cb, μymax) or 

RfjStd (Cb, μymax) for the other conditions {P} are basically similar to those shown in Fig. 4. Thus, the basic 

characteristics of Rfj
s,t

 (Cb, μymax) can be explained by Fig. 4. 

As with the above results, Fig. 6(a) shows RfjAve (T1, μymax) and RfjStd (T1, μymax), for X=T1. The upper figures 

show the condition of {P}={1,1,1,1,1} and the lower ones that of {P}={1,1,1,2,1}. The upper figures in Fig.  
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(a) ΔX=0.02 

 

 

 

 

 

 

 

 

 

 

 

 

 (b) ΔX=0.1 

Fig. 4 – Examples of RfjAve  (left) and RfjStd (right) for X=Cb in the case of the bilinear model (upper) and the 

trilinear model (lower) 

 

 

 

 

 

 

Fig. 5 – Norms with condition parameter k for X=Cb 
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W=RfjStd 
 



16th World Conference on Earthquake Engineering, 16WCEE 2017 

Santiago Chile, January 9th to 13th 2017  

7 

 

 

 

 

 

 

 

 

 

 

 

 

 (a) ΔX=0.01 

 

 

 

 

 

 

 

 

 

 

 

 

 (b) ΔX=0.05 

Fig. 6 – Examples of Rfj for X=T1 : The average (left) and standard deviations (right) in the case of the bilinear 

model (upper) and the trilinear model (lower) 

 

 

 

 

 

 

Fig. 7 – Norms with condition parameter k for X=T1 

W=RfjAve 

W=RfjStd 
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66(b) shows the case of {P}={1,1,1,1,2} and the lower ones that of {P}={1,1,1,2,2}. Considering that X=T1 and 

ΔXj=0.01, 0.05 indicates that the difference in T1 is 0.01 s and 0.05 s, respectively. 

RfjAve (T1, μymax) seems to depend much more on the scale of T1 than on the level of ductility. One of the 

causes is that the level of θmax tends to be small if the natural period is short. Then, Rfj tends to take a large value. 

The tendency becomes clear with the increase in ΔXj. Figure 7 shows the ||W||k for each condition k. The 

tendency of ||W||k is almost the same as that shown in Fig. 5. This result indicates that the characteristics of RfjAve 

are analogous to those shown in Fig. 6 if the conditions of the input earthquakes, the number of layers, and the 

stiffness ratios are different. In addition, all the ||RfjStd||k take small values. It can be briefly summarized, therefore, 

that the Rfj caused only by the difference in Tb of 0.01 s takes a value averagely around 0.1. However, it becomes 

larger for longer natural periods of structures. Further, it may exceed 0.5 for ΔT1=0.01 s, which cannot be 

ignored. Although the standard deviation in Rfj
s,t approaches 0.2 for shorter natural periods, the values are around 

0.1. This means that the structural period is not too short and the level of ductility is not too large; Rfj
s,t can 

approximately be estimated by T1 and μymax. 

3.2 Statistical property of Rfj  

Each graph shown in Figs. 4 and 6 consists of 40×16 (p5=1) or 36×16 (p5=2) values of RfjAve  or RfjStd . In other 

words, these graphs provide us with information on Rfj
s,t by 640 or 576 frequency distributions. The statistical 

properties of these Rfj
s,t can be useful for evaluating the reliability of the structural responses obtained from the 

numerical simulation. In this section, the characteristics of the frequency distribution of Rfj
s,t are examined. 

Examples of the frequency distribution are shown in Fig. 8. Their envelopes seem to be classified as some 

general distribution patterns. Considering that the Rfj
s,t takes values from 0 to 1, as defined by Eq. (1), the beta 

distribution seems to be applied to them. 
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where α and β are parameters and B(α,β) is the Beta function written by  
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Expected value μ and variance σ2 of the Beta distribution are represented, respectively, as follows: 
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The χ−square test is applied to 640 or 576 frequency distributions for one calculation pattern, by 

substituting RfjAve and RfjStd into the above μ and σ. For each calculation pattern, the rate of the number of 

frequency distributions that meets “the significance level of 5%” is calculated and shown in Fig. 9 by a 

histogram. The total number of calculation patterns is 24 for each X; hence, the total number of histograms is 24. 

From these figures, although there are some exceptions for X = Cb, the beta distribution totally seems to be 

applicable to the frequency distribution of Rfj
s,t. These results indicate that the unexpected fluctuation in the  

 

 

 

 

 

 

Fig. 8 – Examples of frequency distribution of Rfj (u, v) 
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Fig. 9 – Rate of the number of frequency distributions that meets “the significance level of 5%”. 

response can be explained by certain regular patterns. Thus, these results may possibly become useful 

information for evaluating the reliability of the numerical results if the reason why the frequency distribution of 

Rfj
s,t follows the beta distribution is theoretically demonstrated.  

4. Summary 

To examine the statistical properties of the unexpected fluctuation in the seismic response, accompanied by the 

uncertainty of structural parameters, the ratio of fluctuation, Rfj
s,t, was introduced. Focusing on the maximum 

story drift angle as the seismic response, the fluctuation in the seismic response was examined through numerical 

tests using simple shear-spring mass models and a large number of input earthquakes. The statistical properties 

of Rfj
s,t, targeted for the maximum story drift angle, can be summarized as follows: 1) The mean of Rfj

s,t with a 

slight change in the yield force highly depends on the ductility level. 2) The mean of Rfj
s,t with a slight change in 

the natural period of the structures depends more on the natural period than on the ductility level. 3) A slight 

difference in structural parameters, for instance, 2% in the yield force or 0.01 s in the natural period, possibly 

reaches a difference in story drift angle of around 10% when the ductility is less than 3. 4) Rfj
s,t agrees well with 

the beta distribution. Further study is necessary to explain these characteristics theoretically. 
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