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Abstract 
A novel time continuous p-Galerkin (TCG) scheme for seismic dynamic analysis is proposed. Based on the new variational 
expression transformed from integration of the standard weak form of weighted-residual-method by parts, a new recurrence 
relation is derived. The convergence order of the of the displacement and velocity calculated by the derived recurrence 
relation is up to 2p, which is twice that of the standard TCG method and is one order higher than that of the standard time-
discontinuous Galerkin (TDG) method at the same number of degrees of freedom. Examples of a SDOF and a Multi-DOF 
system are given to verify the accuracy of new TCG scheme. Simple numerical tests show a significant reduction in the 
computation time for the new TCG scheme in comparison to that for the Newmark method. 
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1. Introduction 
Numerical simulation of structural dynamic response is frequently used in structural seismic analysis and 
engineering seismic research. The core problem of numerical simulation is to solve a system of Ordinary 
Differential Equations (ODE) in time which are derived from the application of finite elements in space. The 
research of the methods for solving the ODE is also a hotspot [1]-[4] . Most of these methods are second-order 
accurate methods, such as the Newmark method, the Wilson method, and the HHT method. For the second-order 
algorithm, accuracy and efficiency is difficult to further improve. Therefore, higher order algorithms are 
proposed successively.  
Zienkiewicz [5] have developed a set of algorithms, which is the unified set of a single step method, based on the 
application of the weighted residual method to the derived ODE. Many method for solving the derived ODE 
mentioned above are particular cases of the unified set. High accuracy can be obtained by using higher-order 
interpolation polynomials. Recently, new high-order accurate methods with a step-by-step time integration 
scheme have been developed for dynamics analysis [6]-[12], among which, the Time Continuous p-Galerkin (TCG) 
methods and Time Discontinuous p-Galerkin (TDG) methods are most representative. The TCG and TDG 
methods improve the accuracy of the solution, but also resulted in a lower solution efficiency. This paper 
presents a new TCG method with higher accuracy and efficiency. 
The focus of this paper is the development of a novel TCG scheme for seismic dynamics analysis. Based on the 
new variational expression transformed from integration of the standard weak form of weighted-residual-method 
by parts, a new recurrence relation is derived. The convergence order of the of the displacement and velocity 
calculated by the derived recurrence relation is up to 2p, which is twice that of the standard TCG method [20] and 
is one order higher than that of the standard TDG method at the same number of degrees of freedom. Examples 
of a SDOF and a Multi-DOF system are given to verify the accuracy of new TCG scheme. Simple numerical 
tests show a significant reduction in the computation time for the new TCG scheme in comparison to that for the 
Newmark method. 

2. Model problem and the new TCG scheme 
In structural dynamic analysis, one always need to solve the system of second-order ordinary differential 
equations of the form 

),0()()()()( TIttttt =∈=++ FKuuCuM   (1.) 

with initial conditions 

00 )0()0(,)0( vvuuu ===   (2.) 

Where M  is the mass matrix, C  is the damping matrix, K  is the stiffness matrix, F  is the vector of applied 
forces, u , u  and u  are the displacement, velocity and acceleration vectors, respectively, I is the time domain, 
and 0u  and 0v  are the given initial values. The dimension of the system is denoted by eqn . 

To solve the model problem, the Galerkin method is considered. Let Tttt N =<<<= 100  be a partition of the 
time domain ),0( TI =  with corresponding time steps 1−−=∆ nnn ttt  and ),( 1 nnn ttI −= . 

Once the initial displacement 1−nu  and velocity 1−nv  of the domain ),( 1 nnn ttI −=  is got, the displacement nu  and 
velocity nv  can be solved by the new TCG scheme which are the initial values of the next time domain 

),( 1+= nnn ttI . The TCG procedures are as follows. 

To solve the Eq. (1), the weighted residual method is used as Eq. (3) 
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the Eq. (3) can be transform to Eq. (4) by partial integration. 

2 



16th World Conference on Earthquake Engineering, 16WCEE 2017 

Santiago Chile, January 9th to 13th 2017  

tt n

n

n

nnn

t

t

TTTt

t

T

tt

T

tt

T dd)(
111

FwKuwuCwuMwuMwuMw ∫∫
−−−

=++−+−
==

  (4.) 

where  

uNuwNw == ,  (5.) 

Where N  are the finite element basis functions denoted by  
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Where jN  are the j-th Lagrange shape function.   
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And since w  is arbitrary we have a set of equations which is sufficient to solve the parameter u  as 
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where the matrix G  is denoted as  

KCMG ++−=  (10.) 

and where  
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when u  and 1+pu  are 
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which is equivalent to 
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It’s obvious that the implementation of the method is indeed not so complex, though the computation effort 
needed within each time step is still high than the commonly used one-step method Newmark scheme. Let us 
estimate the computational cost in a rough way. 

3. NUMERICAL EXAMPLES 
Example 1: SDOF model 

Consider the following simple problem. 
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Where u , u  and u  represent the displacement, velocity and acceleration respectively. This is the example being 
used to illustrate the DG method by Li et al [23]. 

The problem is solved by the Newmark method and the TCG method and their errors are compared in Fig.1. Nu  
denotes the Newmark solutions and hu  denotes the solutions of TCG method. It is shown that for element of 
degree p with sufficient smooth solutions, the displacement, velocity and acceleration of the scheme converge at 
the order of 2p while the Newmark method converge at the order of 2. 

   
Fig.1  Convergent rate of the Newmark method and the new TCG method of example 1: 

(a) Displacement, (b) Velocity, (c) Acceleration. 

Example 2: Multi-DOF model 

Consider the following two-DOF system.. 













=























+

























2

1

2

1

2221

1211

2

1

2

1

0
0

f
f

u
u

kk
kk

u
u

m
m




 (16.) 

Assume 21 =m , 12 =m , 611 =k , 22112 −== kk , 422 =k , 01 =f , 102 =f  and zero initial conditions. This is the 
example being used to illustrate various direct integration methods by bathe [23]. 

The problem is solved by the Newmark method and the TCG method and their errors are compared in Fig.2. Nu  
denotes the Newmark solutions and hu  denotes the solutions of TCG method. It is shown that for element of 
degree p with sufficient smooth solutions, the displacement, velocity and acceleration of the scheme converge at 
the order of 2p while the newmark method converge at the order of 2. 
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Fig.2  Convergent rate of the Newmark method and the new TCG method of example 2: 

(a) Displacement, (b) Velocity, (c) Acceleration. 

 

4. Concluding remarks 
A new high-order accurate TCG method for seismic dynamic analysis is suggested. The comparison of the New 
TCG method with standard TCG and standard TDG is shown in Table 1. The main advantages of the new 
method are the higher order of accuracy in comparison to that of known high-order accurate methods (if the 
same number of degrees of freedom is used) and controllable numerical dissipation. 

Table 1 Accuracy of TCG and TDG methods for elastodynamics 

Number of 
degrees of 
freedom 

New TCG Standard TCG Standard TDG 

Order of 
accuracy in 
time 

Time 
approximations 

Order of 
accuracy in 
time 

Time 
approximations 

Order of 
accuracy in 
time 

Time 
approximations 

eqn  2 1=p  1 1=p    

eqn2  4 2=p  2 2=p  3 1=p  

eqn3  6 3=p  3 3=p  5 2=p  
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