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Abstract 
Under the seismic action, columns are subjected to flexo - compression, shear, and sometimes to torsion. The ductility and 
strength of reinforced concrete columns may be reduced due to such concurrent forces and moments. Therefore, in the last 
decade, efforts have been made to predict the behavior of the columns through analytical models that consider the 
interaction of forces and moments. Recently, the authors developed a model that considers the effects of shear at the 
material, cross-sectional and member levels in order to be used in concentrated plasticity models.  Hence, the effects of 
shear are accounted for in the confining stress, moment-curvature relationship and in the plastic hinge length. In this paper, 
the validation of the proposed model has been extended by matching the analytical results with experimental data of 
columns with brittle shear behavior found in scientific literature. The results of the proposed analytical model properly 
simulate the behavior of columns with shear failure. 
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1. Introduction 
Under the seismic action, reinforced concrete columns can be subjected to combined forces and moments.  The 
constituent materials —concrete, longitudinal and transverse reinforcements— provide joint resistance to the 
flexo-compression, shear and torsion forces produced by the columns.  For example, the transverse 
reinforcement resists the shear force and simultaneously confines the concrete core, thereby increasing its 
strength and ductility. Similarly, the longitudinal reinforcement and the concrete participate in the flexo-
compression and the shear resisting mechanism at the same time.  However, although these concurrent 
mechanisms are known, their analytical prediction is complex. First of all, the sectional analysis was formulated 
by taking into account only normal strains of the transverse section.  Currently, strategies and formulations have 
been proposed to account for tangential strains [1-14], but in order to be solved, they require refined analysis 
methods. 
 
Recently, Osorio, et al. [15] developed an analytical model in order to simulate the effects of bidirectional shear 
forces in columns under seismic loads.  The strategy of this model is to analyze the effects of the shear forces at 
the material, section and member levels.  Consequently, analytical expressions were derived to account for these 
effects in the concrete stress-strain relationship, the moment-curvature relationship and the plastic hinge length. 
The capacity curve can be obtained by analyzing the shear effects as a whole at each of the three levels.  The 
advantage of this model is that it can be included in the lumped plasticity or spread plasticity models. In this 
paper, the fundamental hypotheses of the proposed model are provided and validated using experimental results 
in columns with shear failure under unidirectional lateral loads. 

2. Shear - flexure interaction model hypotheses 
The hypotheses for the formulation of the interaction model are provided below, and the effects of the shear 
forces at the material, section and member levels are analyzed. 

2.1  Effect of shear forces on strength and ductility of the confined concrete 
Confinement increases concrete strength and ductility.  The confinement in the reinforced concrete columns is 
provided by distributing transverse reinforcement in the form of spirals, hoods or strirrups.  Currently, the 
compressive strength of the confined concrete in a column is determined by assuming that the column is 
subjected only to uniaxial compression forces. Therefore, it is necessary to take into account the full mechanical 
capacity to measure the confinement stresses.   

However, in a state of flexo-compression and shear combined stresses, the transversal reinforcement resists the 
shear force, thereby reducing the mechanical capacity of the transversal reinforcement to confine the concrete. 
Fig. 1 shows the static equilibrium diagram from which the effective confinement stresses can be derived. See 
Eq. (1), where 𝐴𝑠𝑡 is the area of the stirrups or the spiral, 𝑓𝑦𝑚 is the yielding strength of the stirrups, σ𝑠𝑢 is the 
stress on the transverse reinforcement under shear forces, 𝑠 is the stirrups spacing, 𝐷𝑐 is the center-to-center 
diameter of the stirrups, and α is a factor that represents the confinement efficiency, which depends on the cross 
section and the stirrups and their spacing regarding the edge.  

 

σ𝑒 = α
𝐴𝑠𝑡 · �𝑓𝑦𝑚 − σ𝑠𝑢�

𝑠 · 𝐷𝑐
 ( 1 ) 

An asymmetric confinement state provides less strength and ductility capacity than that provided by symmetric 
confinement stresses.  The confined concrete capacity under asymmetric confinement stresses can be assessed 
with the Mander et al. model [16]. 
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Fig. 1 Effect of shear forces in the confinement stresses [15] 

2.2  Effect of shear forces on the longitudinal reinforcement 
In a shear strength strut-and-tie model, the shear force is equilibrated with the longitudinal reinforcement, 
thereby increasing the tensile force on the longitudinal reinforcement.  In its ultimate state, this mechanism 
reduce flexural capacity and increases the plastic hinge length.  Based on the equilibrium and disregarding the 
contribution of the concrete to the shear strength, the decrease in the flexure strength capacity (∆𝑀𝑣) can be 
obtained. See Eq. (2). 

∆𝑀𝑣 = ∆𝑇 ∙ 𝑧 =
1
2
�𝑉𝑑 − 𝑉𝑝�

2

∑𝐴𝑠𝑠 𝑓𝑦𝑡
        ∀ 𝑉𝑑 ≥  𝑉𝑝 ( 2 ) 

Where, ∆𝑇 is the increment in the tensile force at the transverse reinforcement, 𝑧 is the lever arm,  𝑉𝑑 is the shear 
load, 𝑉𝑝 is the contribution of the axial load to the shear strength [17], 𝐴𝑠 is the area of the transverse 
reinforcement, 𝑓𝑦𝑡 is the tensile force of the mean yielding strength of the transverse reinforcement, and 𝑠 is the 
transverse reinforcement spacing.  

2.3  Effect of shear forces on the moment-curvature relationship 
The effective flexural strength can be obtained as the ultimate bending moment capacity minus the increment in 
the bending moment from the shear force, as given in Eq. (3). 

𝑀𝑓𝑣 = 𝑀𝑓 − ∆𝑀𝑣  ( 3 ) 

The moment-curvature relationship can be modified to calculate the reduction in each of the load steps.  
However, for practical purposes, the modified moment-curvature relationship can be approximated by rotating 
the entire diagram using Eq. (4), as shown in Fig. 2. This way, the shear effects are taken into account in the 
moment-curvature relationship. 
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𝑀𝑓𝑣 = 𝑀𝑓 − ∆𝑀𝑣,𝑚á𝑥
𝑀𝑓

𝑀𝑓,𝑚á𝑥
 ( 4 ) 

 
Fig. 2 Moment-curvature relationship rotation to account for the shear effects [15] 

2.4  Effect of shear forces on the longitudinal reinforcement 
The plastic hinge length is a parameter still under discussion by the scientific community, hence, there is a wide 
variety of expressions in literature proposed for its quantification. Reference [18; 19] provides a summary of 
these.  However, design recommendations and rules, such as references [20-22], recommend the proposal of 
Paulay, et al. [23], Eq. (5). 

 

𝐿𝑝 = �1 −
𝑀𝑦

𝑀𝑚á𝑥
� 𝐿 + α𝑏𝑓𝑦𝑑𝑏 ( 5 ) 

 

Where, L is the lever arm calculated as L=M/V, db is the longitudinal bar diameter, 𝑓𝑦 is the yielding strength of 
the longitudinal reinforcement and, α𝑏  is a coefficient experimentally measured.  Paulay and Priestley [23] 
proposed the values �1 − 𝑀𝑦

𝑀𝑚á𝑥
� = 0.08 and α𝑏 = 0.022, respectively.   

Park and Pauly [24] demonstrated that the tensile strength of the longitudinal reinforcement increases when the 
concrete shear cracks propagated in a diagonal direction. Consequently, the plastic hinge length is also increased.  
However, the shear force effect in the plastic hinge length proposed in equation Eq. (5) was not included 
explicitly. The shear force effect can be included in Eq. (5) accounting for the reduction of flexural strength 
capacity (∆𝑀𝑣) previously explained in Eq. (2), and Eq. (6) is obtained.  Details of the numerical 
implementation and formulation of the model are provided in reference [15]. 

𝐿𝑝 = �1 −
𝑀𝑦

𝑀𝑚á𝑥
� 𝐿 + α𝑏𝑓𝑦𝑑𝑏 +

1
2
�𝑉𝑑 − 𝑉𝑝�

2

𝑉𝑑 ∑
𝐴𝑠
𝑠 𝑓𝑦𝑡

   ∀ 𝑉𝑑 ≥  𝑉𝑝 ( 6 ) 

3. Validation examples of the shear-flexure interaction model 
In this section, we present the results of the proposed analytical model compared to the experimental 
measurements of column tests conducted by Arakawa, et al, [25] and Yoshimura, et al. [26].  Arakawa, et al. 
conducted an experimental campaign of reinforced concrete columns with octagonal cross sections inscribed in a 
275-mm-diameter circumference.  In the columns under study, the longitudinal reinforcement consisted of 12 
bars, each of which had a 16 mm diameter and the transverse reinforcement consisted of 6-mm diameter spirals.  
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The test configuration corresponds to a double curvature scheme. Other parameters of interest in the modeling 
are presented in Table 1.  The experimental measurement data was consulted in the compilations published in 
references [27, 28]. 

Table 1 – Characteristic properties of the columns of Arakawa, et al. [25] 

# Axial load f'c fy fyt L - 
Inflection s Failure 

type kN MPa MPa MPa mm mm 
2 0 29.3 366 368 300 50 Shear 

19 215 31.2 363 381 450 75 Shear 

28 430 41.3 363 381 450 75 Shear 

 

In Fig. 3, the analytical results of the shear-flexure interaction and flexure-only models are presented, compared 
to the experimental measurements, Arakawa, et al. [25].  Fig. 3a presents the results for column #2, whose axial 
load is 0.0 kN. This figure shows that the proposed interaction model replicates the behavior observed 
experimentally, both in load capacity values and in ductility. There is also a significant reduction in terms of 
lateral load capacity (approx. 30%) compared to the response when considering a flexure-only model.  Fig. 3a 
presents the results for column #19 and it can be observed how the F-V interaction model properly reflects the 
measurements taken during the experiments.  Fig. 3c presents the results for column #28.  It can also be observed 
that the interaction model approximates the experimental behavior better than the flexure-only model in this 
column. 

Yoshimura, et al. conducted an experimental campaign with rectangular cross sections of 300 x 300 mm2. 
Reinforcement consisted of 12 bars, each of which had a 16 mm diameter, and the transverse reinforcement 
consisted of 6-mm diameter stirrups with no additional cross-ties. The test configuration corresponds to a double 
curvature scheme. Table 2 presents the specific parameters of each specimen. The experimental measurement 
data was consulted in the compilations published in references [27, 28]. 

Table 2 – Characteristic properties of the columns of Yoshimura, et al. [26].   

# Axial load f'c fy fyt L - 
Inflection s Failure 

type kN MPa MPa MPa mm mm 
1 552.6 30.7 402 392 600 100 Shear 

3 552.6 30.7 402 392 600 200 Shear 

4 828.9 41.3 402 392 600 100 Shear 

 

Fig. 4 shows the analytical results of the shear-flexure interaction models and flexure-only models compared to 
the experimental measurements obtained by Yoshimura, et al. [26].  In all three analyses, the analytical model 
represents the reduction of the flexure strength capacity and the predominance of shear failure. However, the 
displacement capacity of the analytical model is lower compared to the one experimentally measured. This can 
be the result of a combination of various phenomena presented in the reinforced concrete under seismic loads. In 
this case, it could be due to the rapid decrease of the bond splitting failure due to the poor confinement 
magnified by the stirrup shape and the lack of ties. In the analytical model, this phenomenon could be included 
as an increase of the plastic hinge length as a function of the effective confinement stresses and the shear [15], 
which we intend to study in the future. 
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a) Analytical results for column 2 b) Analytical results for column 19 

 
c) Analytical results for column 28 

Fig. 3 Comparison between the analytical capacity curves against the experimental data of circular columns 

4. Conclusions 
In this paper, a Flexure-Shear (F-V) interaction model to simulate the behavior of columns with shear failure is 
presented.  The strategy of this model is to analyze the effects of shear forces at the material, cross-sectional and 
member levels. The main advantage of the model is that it can be implemented in lumped plasticity models. 
However, in this F-V interaction model, the cyclic load, laps, the longitudinal bar bending effects, the form and 
scale effects, among others, have not been included. 

The proposed analytical model results were compared to experimental measurements of tests on columns with 
shear failure. The F-V analytical interaction model replicates the decrease in flexural strength as a consequence 
of shear effects. The results of the analytical model provide information about the decrease in ductility.  In the 
rectangular columns, it was observed that the displacements of the analytical model are conservative compared 
to the experimental values, which can be due, among other factors, to a bond mechanism, which we intend to 
study in the future. 
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a) Analytical results for column 1 b) Analytical results for column 3 

 
c) Analytical results for column 4 

Fig. 4 Comparison between the analytical capacity curves against the experimental data of rectangular columns 
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