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Abstract

The research presented here employed nonlinear continuum analysis to investigate the design parameters that
determine the failure mechanism and deformation capacity of planar and nonplanar reinforced concrete walls.
Several commonly used finite element software packages were investigated for use in nonlinear analysis of
concrete walls; the ATENA software package (www.cervenka.cz) was found to best meet the requirements of
accuracy, numerical efficiency and robustness, as well as ease of use. One of the most important properties was
the automated regularization of concrete material response in compression. Regularization of concrete
compression response is required to achieve accurate and mesh-objective simulation of wall failure, which often
results from concrete crushing. In ATENA, regularization is a function of a user-defined deformation at
compression failure, which is approximately linearly related to the energy dissipated during concrete crushing.
The modeling approach was validated through comparison of simulated and observed response for a suite of
planar and nonplanar concrete walls subjected to lateral and axial loading in the laboratory. Results show that
strength and drift capacity can be predicted with a high level of accuracy. Using the validated numerical model,
the impact of various design parameters on failure mechanism and drift capacity were investigated. Results show
that walls subjected to high shear demands and/or with large length-to-thickness ratios exhibit a more brittle
compression-shear failure, while walls with lower shear demands and smaller length-to-thickness ratios exhibit
more ductile compression- or tension-controlled flexural failures.
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1. Introduction

Slender reinforced concrete walls are used commonly as the lateral load resisting systems in mid- and high-rise
buildings in regions of high seismicity. Walls provide significant stiffness to meet drift limits, provide significant
strength to meet design-level strength requirements, and are easily configured to meet architectural requirements.
Walls with height to length ratios in excess of 2.0 are typically considered to be slender and are expected to
exhibit flexure-controlled response, with strength determined by yielding of longitudinal steel and deformation
capacity determined by either low-cycle fatigue fracture of longitudinal steel or compression failure of the
boundary element.

Figure 1 shows an idealized reinforcing steel layout that
is typical of a planar wall in a modern mid-rise building in the Ihe
US. Longitudinal reinforcement is concentrated in well-
confined boundary elements at the ends of the wall and the
web region of the wall has a relatively low longitudinal
reinforcement ratio. Horizontal reinforcement in the web is
designed to carry the shear load; often shear capacity

approaches the ACI Code maximum of 10.,/f; 4,. Finally, the

wall cross-sectional aspect ratio (ratio of wall length to
thickness) is large, typically in excess of 20 [1].
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To improve understanding of the earthquake response of
slender walls, Birely [1] reviewed data from 43 laboratory
tests of planar walls and post-earthquake reconnaissance data
for 23 earthquakes. On the basis of this review, Birely [1]
concluded that slender walls typically exhibit one of three
failure mechanism: buckling-rupture (BR) characterized by Figure 1: Typical reinforcement layout
fracture of previously buckled longitudinal reinforcement,

compression-buckling (CB) characterized by simultaneous

concrete crushing and reinforcement buckling in the boundary element or compression-shear (CS) characterized
by crushing of boundary element and web-region concrete. Birely found also that for walls exhibiting flexural
response, drift capacity is determined primarily by shear stress demand and cross-sectional aspect ratio; axial
load ratio has a much less significant impact (Figure 2). However, past test specimens (Table 1) shows that in
comparison to walls in buildings, laboratory tests specimens have smaller cross-sectional aspect ratios and shear
stress demands and lower axial load ratios than typically observed in design. Thus, the data in Tables 1 and
Figure 2 bring into question the deformation capacity of typical walls in buildings.
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Figure 2: Drift capacity of planar wall test specimens versus design parameters
(circles indicate BR failure and squares indicate CB failure)

Questions about the drift capacity and failure mechanisms exhibited by modern walls could be answered
through additional laboratory tests. However, large scale testing of specimens that are longer and sustain high
shear stresses results in the need to apply large forces. This testing is very expensive as it requires a large
laboratory space, high-strength actuators, and a strong reaction frame. To expand the experimental data to reflect
the geometries and shear stress demand of modern walls in buildings, a parametric study was conducted using a
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validated nonlinear high-resolution finite element analysis. The following sections provide a summary of the
process used to select the software, develop and validate the model, and the results of the parametric study.
Additional information may be found in the report by Whitman [2].

Several commercial and research software packages were evaluated through comparison of simulated and
measured response for a series of reinforced concrete components [2,3]. Issues considered in the evaluation
included i) accuracy in prediction of strength and deformation capacity, ii) ease of use with respect to model
building and extracting and visualizing simulation data, and iii) computational demand. Ultimately, the ATENA
(www.cervenka.cz) software package was identified as the preferred software for the project. Existing
experimental data were used to calibrate critical model parameters and validate the model for prediction of wall
stiffness, strength, deformation capacity and failure mechanism; the validated models was used to expand the
experimental data set and provide insight into the impact of design parameters on response mechanisms and
deformation capacity.

2. Experimental Data Used for Model Calibration and Validation

A dataset comprising 23 previously tested rectangular slender wall specimens was used to calibrate and validate
the continuum modeling approach employed in this study. Wall specimens were included in the data set if i) the
specimen was planar (rectangular) and subjected to in-plane flexure, shear and axial loading, ii) specimens were
constructed of normal weight concrete and normal strength concrete and steel, iii) specimen failure resulted from
deteriorating flexural response, including bar fracture or concrete crushing and bar buckling, iv) wall specimen
thickness exceeded 76 mm (3 in.), v) data required to fully define and evaluate a numerical model were
provided. Table 1 lists the specimens and provides design parameters of particular interest this study. Whitman
[3] provides detailed information about specimen material properties, geometric configuration, and design
parameters: parameters listed in Table 1 are defined as follows:

o Cross-Sectional Aspect Ratio (CSAR) = |,,/t,,, where I, is the wall length and t,, is the wall thickness.

e Shear span ratio = M/(VI,), where M is the moment developed at the base of the wall, V is the shear
developed at the base of the wall and I, is the length of the wall. Note that the shear span ratio equals the
vertical aspect ratio if zero moment is applied at the top of the wall.

e Axial load ratio = P/(A4f’¢), where P is the axial load at the base of the wall (including self-weight of the
specimen computed assuming a unit weight of 23.6 kPa (150 Ib/ft)), A, is the gross area of the wall and f’.
is the measured concrete compressive strength.

e Shear stress demand = V, /Acv,‘;’ﬁ, where V,, is the maximum base shear developed during the test, Ay is
the shear area, taken equal to 5/6A, for a rectangular section, and f’ is the concrete compressive strength in
the specified units.

e Shear demand-capacity ratio = V,/V,, where V,, is the maximum base shear and V, is the shear strength
computed per ACI 318 [4] using measured concrete and steel strengths.

o Flexural strength ratio = M,/M,,, where My, is the maximum base moment developed during the test and M,
is the nominal flexural strength of the wall corresponding to a compressive strain of 0.003 at the extreme
fiber using measured concrete and steel strengths.

e A, = drift capacity which is the drift at which the lateral load carrying capacity of the wall dropped to 80% of
the maximum, for drift demands larger than drift corresponding the maximum strength.

e Failure mode (FM) indicates the primary mechanism causing loss of lateral load carrying capacity: concrete
crushing and buckling of longitudinal steel (CB), buckling followed by rupture of longitudinal steel (BR), or
concrete crushing at the boundary element-web interface due to flexure-shear interaction (CS).

e Boundary element detailing (BE) indicates that boundary element confining reinforcement meets the ACI
318-14 Code requirements for a special structural wall (SBE), an ordinary structural wall (OBE) or neither
(NBE).
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Specimen ~eference CSAR ssr;?‘r ALR  Vy/Aufe Vo/V, MJ/M, Au FM BE
% MPa psi %

WSH1 133 23 55 017 201 044 103 104 BR NBE

WSH2 133 23 63 019 227 053 112 175 BR NBE

WSH3 Dezio et al.[5] 133 23 64 024 292 067 110 207 BR OBE

WSH4 133 23 63 023 277 062 106 160 CB NBE

WSH5 133 23 137 023 281 062 108 152 BR OBE

WSHS6 133 23 114 030 358 08 111 204 CB NBE

W1 Lo [ 60 31 76 019 231 039 098 298 CB OBE

w2 60 31 35 014 167 033 097 291 BR NBE

PW4 Lowes etal [7] 200 20 122 038 463 08 119 10l CB SBE

RW1 Thomsen and 120 31 105 021 257 050 107 226 BR NBE

RW2 Wallace [8] 120 31 92 022 265 052 116 235 CB NBE

S5 Vallonas otal,[o] —2L 16 48 05 68L 08 118 147 CS SBE

6 211 16 48 053 642 083 112 165 CS SBE

WR20 75 20 104 025 300 076 111 282 CB NBE

WRI0 Oh et al. [10] 75 20 98 024 28 064 108 282 CB OBE

WRO 75 20 108 025 297 074 108 214 CB NBE

R1 Oestorieetal [11] 188 24 00 009 110 028 117 252 BR NBE

R2 188 24 00 017 200 042 123 325 BR SBE

RW-A20-P10-538 80 20 73 030 360 081 126 314 CB SBE

RW-A20-P10-563 80 20 73 051 610 091 113 300 CB SBE

RW-A15-P10-S51 Tran [12] 80 15 77 041 490 083 115 331 CB SBE

RW-A15-P10-578 80 15 64 058 700 085 107 300 CB SBE

RW-A15-P2.5-564 80 15 16 048 580 079 099 300 CB SBE

Mean 121 22 71 030 360 065 111 233 — -

Standard Deviation 5.0 052 37 014 175 0.20 007 072 - -

cov 041 024 052 049 049 031 006 031 — -

3. Simulation of RC Wall Response Using ATENA

3.1 Overview of the ATENA Model

Following a review of commonly employed finite element analysis software [2,3], the ATENA
(www.cervenka.cz) software was chosen for use in the current study. A discussion of the ATENA models,
including the concrete constitutive model, follow. Specific characteristics of the ATENA software that make it

well suited for investigating concrete wall response and preferable to other software included the following:

o The ATENA concrete constitutive model provides automatic regularization of material softening in both
tension and compression using an element characteristic length. This minimizes mesh sensitivity resulting

from localization of damage such that mesh refinement results in convergence to a unique solution. Thus, it

is possible to uniquely and accurately predict the displacement at onset of strength loss.

e The ATENA concrete constitutive model simulates concrete dilation under compressive loading such that
the impact of confining reinforcement is explicitly simulated and the user is not required to estimate the
impact of confining reinforcement on concrete compressive response.

e The ATENA software provides robust simulation of reinforced concrete walls subjected to flexural loading,

such that it is possible achieve converged solution states for the entire load history.

The concrete constitutive model is critical to accurate response simulation for reinforced concrete
components. For this study, the ATENA NC2 [13] concrete model was employed. This model employs
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continuum damage theory with fixed or rotating cracks to defined concrete tensile response and plasticity theory
with non-associated flow to define concrete compressive response. Specifically, the plasticity model employs the
Menétrey and Willam [14] yield surface and the Drucker-Prager surface to define the plastic flow potential. For
tension, concrete fracture energy and a mesh-dependent length are used to define the tensile post-peak stress
versus cracking strain response. For compression, the concrete stress versus plastic strain curve is parabolic to
maximum strength with linear softening to produce zero compressive strength a user-defined plastic
deformation; plastic strain at zero compressive strength is defined as the plastic deformation divided by a mesh-
dependent length.

Calibration of the NC2 model to simulate the response of concrete in a specific wall requires user input of
eight material parameters. Four of these parameters are wall-defined by experimental tests and models: concrete
compressive strength, £, tensile strength, £, elastic modulus, E, and concrete fracture energy, Gs. The four
additional parameters are less well defined for test data. Whitman [3] conducted a calibration study using
experimental data from laboratory wall tests to determine appropriate values for these four material parameters
for simulation of slender wall response. Calibrated values are listed in Table 2; wall test specimens used in the
calibration study are identified in Table 1.

Table 2 - Values for ATENA Concrete Constitutive Model Parameters

Concrete Model
Parameter

Description

Value Range
Recommended in
ATENA Users Guide

Value recommended by
Whitman (2015)

Plastic Deformation, wy

Determines the plastic
deformation capacity of
concrete at zero compressive
stress; enables material
regularization in compression.

Wy =0.025int0 0.125 in
=0.635 mmto 3.175 mm

wy = 0.0425 in = 1.080
mm

Beta Factor,

Determines the extent to which
concrete dilates under inelastic
compression loading

B=0t00.7

B =0, values up to 0.25
may be used

Shear Retention Factor, S¢

Determines the shear stiffness
of cracked concrete.

Sg =20to0 200

SF:5O

Tension Softening, Cy

Determines the residual tensile
strength of concrete.

s = 0.00, values up to
0.01 may be used

A relatively simple reinforcing steel model was used. Boundary element longitudinal steel and confining
steel are modeled using truss elements embedded in the concrete matrix with perfect bond. Web region vertical
and horizontal steel was modeled as “smeared” across individual concrete elements with perfect bond. The
stress-strain response of reinforcement was modeled using a phenomenological model in which the envelope to
the stress-strain history is defined as either bilinear or multilinear based on coupon test data, and unload-reload
response is modeled using Menegotto-Pinto curves to simulate the Bauschinger effect. Neither bar buckling nor
bar fracture are modeled as ATENA does not support tracking of strain as required to determine onset of
buckling and post-buckling fracture.

To reduce computational intensity and improve numerical stability, several simplifications were
introduced into the model. First, to reduce computational demand, nonlinear material models and discrete
boundary element reinforcement were employed only in the bottom third of the wall where significant nonlinear
response was expected. In the middle third of the wall, where flexural yielding was not expected, nonlinear
material models were used but all reinforcement was smeared. In the top third of the wall, where no nonlinearity
was expected, elastic material models were used. Second, to enhance numerical robustness and stability, twenty
percentage of the discrete longitudinal and confining reinforcement was smeared. Third, again to enhance
numerical stability and robustness, a very small volume (0.1%) of elastic horizontal and vertical reinforcement
was added in the bottom third of the wall as smeared reinforcement. Analyses were conducted to demonstrate
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that the above modeling methods had no discernable effect on simulated stiffness, strength or deformation
capacity [3].

3.2 Determining failure mode and displacement capacity for the ATENA model

Because bar buckling was not simulated, in some cases it was necessary to post-process analysis data to
determine the displacement at which onset of strength loss would be expected due to bar buckling. Post-
processing was required also to determine the failure mode as compression-buckling (CB), buckling-rupture
(BR) or compression-shear (CS). Following are the rules used to determine failure mode and onset of lateral
strength loss. These rules employ i) “concrete crushing” to described concrete for which simulated minimum
principal stress has reached or exceeded maximum compressive strength and then diminished to 30% of the
maximum strength and ii) the ratio ev/euge in which &t is the maximum simulated tensile strain in the longitudinal
reinforcement and €uge IS the measured fracture strain for the longitudinal steel. For the tests considered, ev/eue =
€1im = 33% resulted in a BR failure. This is the initial value, and so further evaluation is needed for different steel
types and load histories.

e Case 1: Wall specimen strength loss in excess of 20% of maximum strength is simulated:
a) If ev/euBe < €1im, the concrete in the vicinity of the extreme compression reinforcing bar has crushed and
concrete crushing initiates at the extreme compressive face of the wall, failure is classified as a CB
failure.

b)If ev/euBe < €1im, the concrete in the vicinity of the extreme compression reinforcing bar has crushed, the
concrete at the web-boundary element interface has crushed and concrete crushing initiates at the web-
boundary element interface, failure is classified as a CS failure.

c) If concrete has crushed and et/guBe > €im the solution step at which ev/guse = €, IS considered. If the
concrete was crushed at that point, failure is classified as a CB or CS failure per criteria a) and b) above.
If the concrete had not crushed, failure is classified as a BR failure.

e Case 2: ATENA reports a numerical error.
a) If ev/euBe > €)im and the concrete has not crushed, then failure is classified as a BR failure.

b)If ev/euBe < €1im and the concrete has not crushed, the numerical instability has caused termination of the
analysis and the numerical stability of the model must be improved to enable simulation of response out
to failure.

c) If ev/euBe > €)im and the concrete has crushed, the rules for Case 1 apply.

e Case 3: ATENA does not fail and the load protocol completed successfully.
a) If ev/euBe > €)im and concrete has not crushed, a BR failure has occurred.

b) If the concrete crushed at an earlier point and load transferred into the compression reinforcement, go back
to the point of concrete crushing and apply criteria from Case 1.

c) If ev/eu,Be < €jim and concrete has not crushed, the load protocol must be extended for the specimen to reach
failure.

3.3 Comparison of simulated and measured response

ATENA analyses were performed for all of the wall specimens listed in Table 1. Specimen models were
subjected to axial load and shear load to replicate the load distribution employed in the laboratory. Lateral load
was applied under displacement control. To reduce computational demand, a monotonically increasing, rather
than a cyclic, lateral load history was employed. Results of previous research by the authors suggests that
stiffness, strength and deformation capacity simulated using a monotonic load history is not significantly
different from that simulated using a cyclic history.

Figure 3 shows simulated and measured normalized base shear versus drift at the point of applied lateral
load for three specimens exhibiting the three failure modes considered in this study; results in Figure 3 are
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representative of those for other specimens in the data set. Table 3 list statistics for the dataset for ratios of
simulated to measured response quantities. In Table 3, i) yield displacements A sm and A, 1a, are, respectively,
the simulated and measured lateral displacements at the point of applied lateral load for an applied shear load
resulting in extreme reinforcement carrying the yield stress, ii) maximum shear forces V may sim and V max 1an are,
respectively, the simulated and measured maximum shear load carried by the wall, and iii) displacement
capacities A, sim and Ay, 1o are, respectively, the simulated and measured lateral displacements at onset of failure
as defined in Section 3.2.
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Figure 3 — Simulated and measured load versus drift. Base shear is normalized by ,;’EAQ with £ in psi. Base
moment is normalized by M, the nominal flexural strength of the wall defined by per ACI 318-14.

Table 3: Statistics for simulated versus measured response quantities

E"}r_aim/ Vmﬂx_sfm/ ﬂ'u_sim/
E"_:.-r_irzb I"?mrz.x_i!rzb E"'z.!._i!r.ﬂ:'
All Specimens Mean 0.91 0.99 0.98
Ccov 0.29 0.05 0.06
BR Specimens Mean 0.95 0.98 1.01
Ccov 0.31 0.05 0.10
CB Specimens Mean 0.89 1.01 0.98
cov 0.20 0.05 0.07

The data presented in Figure 3 and Table 3 show that strength and drift capacity are accurately and
precisely simulated. These two quantities are considered to be particularly important for earthquake engineering
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applications as strength determines the onset of yielding and displacement capacity determines the onset of
failure. The data in Figure 3 and Table 3 show also that yield displacement is predicted with much less accuracy
and precision. Specifically, yield displacement is underestimated by the ATENA model by as much as 11%, and
the COV for yield displacement has a maximum value of 30%. Here it should be noted that uncertainty in yield
displacement is due primarily to specimen R1; if specimen R1 is removed from the data set the COV for
prediction of yield displacement is reduced to 0.17. Underestimation and imprecision of simulated yield
displacement is attributed to the fact that shrinkage cracking is not simulated and that stiffness loss due to
shrinkage cracking can be significant [15]. Underestimation of yield displacement for laboratory wall specimens
is common.

3.4 Simulation results for walls exhibiting different failure mechanisms in the laboratory

Beyond providing simulation of global response quantities, such as load-displacement response, continuum-type
analysis also provides simulation of local response quantities, such as stress and strain. For all of the specimens
listed in Table 1, stress and strain fields were investigated. Minimum principal stress fields were found to be
particularly valuable for understanding response mechanisms and failure modes. The data in Figure 4 show
minimum principal stress fields for walls exhibiting BR (left), CB (middle) and CS (right) failure modes at
nominal flexural strength (top) and onset of strength loss (bottom). In this figures red and yellow correspond to
small negative (compressive) principal stresses and green and blue correspond to large negative (principal)
stress. In this figure, vertical black lines indicate the interface between the heavily reinforced, confined boundary
element and the lightly reinforced web region of the wall. The data in Figure 4 show the following:

- Walls with high shear stress demands, such as wall specimen S6, develop large negative principal stresses
within the web of the wall and at the boundary element interface.

- At nominal flexural strength, M, (top row) walls show a relatively linear principal stress distribution within
the boundary element. All walls, regardless of failure mechanism, show minimum principal stresses at the
extreme compression fiber, with minimum principal stress diminishing towards web of the wall.

- At onset of failure (bottom row), different failure modes show different patterns of concrete crushing. Note
that crushed concrete is concrete that carries large compressive stresses at M,, (green or blue in top row) and
low compressive stresses at onset of failure (yellow or red in bottom row).

- For walls exhibit a BR failure, concrete crushing is limited to the extreme concrete compression fibers. For
wall exhibiting a CB failure, most of the boundary element concrete crushes. For walls exhibiting CS failure,
all of the boundary element concrete crushes with maximum strength loss occurring at the interface between
the boundary element and the web.

Taken together, the above observations suggest that in walls with high shear stress demands, minimum principal
stresses resulting from shear and flexural response modes combine to result in maximum compression demands
and concrete crushing occurring at the interface between the boundary element and the web.
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Figure 4: Simulated minimum principal stress fields at nominal flexural strength, M,, (top row) and at onset of
failure (bottom row) for specimens exhibiting BR, CB and CS failure modes

4. Investigation of wall failure mechanisms and deformation capacity using ATENA

The data in Figure 3 suggest that the deformation capacity of walls is a function of shear demand and
cross-sectional aspect ratio and, to some extent, axial load ratio. Evaluation of the nonlinear continuum-type
model shows that the ATENA model can provide accurate simulation of drift capacity and failure mechanism.
Thus, a simulation-based parameter study was undertaken to improve understanding of wall drift capacity and
the design parameters that determine failure mode and drift capacity. A series of approximately 60 wall
specimens were design to achieve flexure-controlled response with 1) shear stress demand varying from

2y fi Agpsi to 10./f7A psi with £ in psi (0.17./f7 A, MPato 0.83/f7A,MPawith £ in MPa)and 2) CSAR
varying from 8 to 20. Longitudinal reinforcement ratio, axial load ratio and shear span were varied to achieve the
desired range of shear stress demand. Walls were subjected to constant axial load and monotonically increasing
lateral loading applied under displacement control.

For each specimen in the parameter study, failure modes defined per Section 3.2 and drift capacity were
recorded. Results of the parameter study are presented in Figure 5 and Figure 6. In Figure 5,

Vorax = Vimax ,'.KE Ay, Where 1, is the maximum shear force carried by the wall, £ is concrete compressive
strength in psi, and A,jis the cross-sectional area of the wall. Data in these figures show the following:

o Walls with larger CSAR and higher shear demands are more likely to develop a CS failure mode, for which
failure initiates with crushing of concrete at the boundary element-web interface.
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. 'Walls with lower CSAR and lower shear stress demands develop CB and BR failure modes, for which
failure results from fracture of previously buckled reinforcement (BR) or simultaneous crushing of concrete
and buckling of longitudinal reinforcement (CB).

e The drift capacity of walls exhibiting CS failure is substantially less than that of walls exhibiting a BR or CB
failure.

e The drift capacity of walls exhibiting BR and CB failures is approximately the same.
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Figure 5 — Failure mode as a function of normalized Figure 6 — Failure mode as a function of normalized
shear demand and CSAR. shear demand and CSAR

5. Summary and Conclusions

Data from previous laboratory tests of reinforced concrete walls suggest that the deformation capacity of slender
planar concrete walls is determined primarily by shear stress demand, cross sectional aspect ratio and axial load
ratio. Nonlinear finite element analysis was used investigate wall response and the mechanisms by which these
design parameters determine deformation capacity under lateral loading. The ATENA software package was
employed with concrete modeled using solid elements, steel modeled using line elements, and the assumption of
perfect concrete-steel bond. The ATENA model was calibrated using data from 23 experimental tests of planar
concrete walls with a range of design parameters and subjected to cyclic lateral loading and constant axial
loading. The calibrated model provides accurate and precise simulation of strength and deformation capacity
(maximum error of 2% and COV of 10%) and moderately accurate and precise simulation of yield displacement
(maximum error of 11% and COV of 17% when one outlier was removed from the data set). Using the calibrated
model, simulations were completed of a series of planar walls with a range of cross-sectional aspect ratios, shear
stress demands and axial load ratios. The results of these analyses show that 1) shear stress demand and cross-
sectional aspect ratio are the primary variables determining failure mode and deformation capacity; axial load
primarily acts to increase flexural capacity and, as a result, shear demand, 2) walls with large cross-sectional
aspect ratios and high shear demands may exhibit compression-shear failure characterized by crushing of
concrete at the web-boundary element interface, 3) the deformation capacity of walls exhibiting a compression-
shear failure is much less than that of walls exhibiting a compression-buckling or buckling-rupture failure
mechanism, and 4) the deformation capacity of walls exhibiting compression-buckling or buckling-rupture
failures is approximately the same.
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