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Abstract 
In this paper, an equivalent SDOF system model of a multi-story frame with displacement-dependent dampers is proposed 
to estimate the seismic response. The proposed equivalent SDOF system model has multi-spring to take into account the 
hysteretic behaviors of frame and damper elements. The properties of multi-spring converted from dampers are defined by 
an elastic mode vector obtained from the eigenvalue analysis of the frame with dampers and properties of dampers. To 
confirm the validity of the proposed model, seismic responses of elaborate analytical models of three-story steel moment 
resisting frames with displacement-dependent passive dampers and their corresponding equivalent SDOF system models 
were compared. The drift demands in the SDOF system are mapped back to building structures with damper based on the 
performance-based design method in Japan. According to the results, the proposed equivalent SDOF system model has 
sufficient accuracy for evaluation of the seismic responses. 
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1. Introduction 
Energy dissipation systems such as displacement- and velocity-dependent dampers have been proposed and used 
increasingly in new and retrofit construction. To estimate seismic responses of a structure with energy 
dissipation system, nonlinear time-history analysis (NTHA) using an elaborate analytical model is conducted. 
However, the seismic responses computed via NTHA using an elaborate analytical model require intensive 
computational exertion. Therefore, simplified methodologies to estimate the seismic demands have been adopted 
in many building codes under performance-based design frameworks [1~5]. These methodologies are the use of 
an equivalent single-degree-of-freedom (SDOF) systems converted from the building structure. In mostly 
equivalent SDOF systems, a single skeleton curve is adopted to represent characteristics of the building structure 
[6-8]. For considering the behavior of the dampers, a two-spring equivalent SDOF system model is proposed [9]. 
However, this model might require the time and effort for approximating the behavior of spring for dampers. 

 In this paper, the equivalent SDOF system model of a multi-story frame with displacement-dependent 
dampers is proposed to estimate the seismic responses. The proposed equivalent SDOF system model has multi-
spring to take into account the hysteretic behavior of dampers. The properties of multi-spring equivalent to 
dampers are defined by the properties of dampers and the elastic mode vector obtained from the eigenvalue 
analysis (EVA) of the frame with dampers. To confirm the validity of the proposed model, seismic responses of 
elaborate analytical models of three-story steel moment resisting frames with displacement-dependent passive 
dampers and their corresponding equivalent SDOF system models were compared. The drift demands in the 
SDOF system are mapped back to building structures with damper based on the performance-based design 
method in Japan (Calculation of Response and Limit Strength) [5, 6]. According to the results, the proposed 
equivalent SDOF system model has sufficient accuracy for evaluation of the seismic responses. 
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2. Proposed Equivalent SDOF System 
To describe an inelastic behavior of the equivalent SDOF system of general building structures, as shown in Fig. 
1 (a), a skeleton curve of a single spring can be defined using the base shear force versus roof displacement 
curve obtained from a nonlinear static pushover analysis (NSPA) as shown in Fig. 1 (b). When all structural 
components of the building behave similarly, this equivalent SDOF system with assumed single skeleton curve 
can estimate an inelastic seismic performance of the building structure. However, if the behaviors of each 
structural member such as damper and frame members are very different, this assumed single skeleton curve and 
the hysteresis rule would lead to the loss of accuracy in the estimation of a seismic performance because the 
assumed tri-linear (or bilinear) single skeleton curve may not be enough to consider the behavior of dampers.  

In multi-degree-of-freedom (MDOF) systems with displacement-dependent dampers, as shown in Fig. 2 
(a), frame and damper elements are described using shear springs which depend on a story drifts. In the MDOF 
system with dampers, a base shear force can be divided into two forces: lateral force resisted by frame elements 
and one by damper elements as shown in Fig. 2 (b). Therefore, as shown in Fig. 2 (c), the equivalent SDOF 
system of the shear frame with dampers can be described using multi-spring with the skeleton curve 
approximated by the base shear force versus roof displacement curve as shown in Fig. 2 (b). In this paper, an 
equivalent SDOF system with multi-spring for considering the hysteretic behaviors of frame and dampers is 
proposed. 

 

 

 

Fig. 1 – Equivalent SDOF system of  general building structures: (a) equivalent SDOF system and (b) force-
displacement curve. 

 

 

 

Fig. 2 – Multi-story frame with displacement-dependent dampers: (a) shear frame with dampers, (b) base shear 
force-roof displacement curve, and (c) proposed equivalent SDOF system. 
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2.1 Effective Mass and Effective Height 
An effective mass, s M , and effective height, s H , of the proposed equivalent SDOF system of a multi-story frame 
with dampers (hereafter referred to as entire system) can be defined as 
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where 1,

E
s iφ  is the first elastic mode vector of the ith story obtained from the EVA of the entire system;  im  and ih  
are the mass and height of the ith story, respectively. 

 

2.2 Inelastic Spring Equivalent to Bare Frame 
In the proposed equivalent SDOF system, properties of the inelastic spring equivalent to the multi-story frame 
without dampers (hereafter referred to as bare frame) can be defined by the following. 

 As shown in Fig. 3 (a), a skeleton curve can be defined by a bi-linear or tri-linear skeleton curve into the 
base shear force, 1Q , versus roof displacement, N∆ , curve obtained from the NSPA of the bare frame with lateral 
load distribution based on first mode vector. Then, this skeleton curve is normalized by the gravity, effective 
mass, effective height, and participation factor of the bare frame for the elastic first mode. The effective mass, 
F M , and effective height, F H , of the bare frame is defined using Eqs. (1) and (2) with 1,

E
s iφ  replaced by 1,

E
F iφ  

which is obtained from the EVA of the bare frame; the participation factor of the bare frame can be defined as 
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Fig. 3 – Skeleton curve of bare frame: (a) Normalized skeleton curve and (b) Force-displacement curve of an 
inelastic spring on the proposed equivalent SDOF system. 

In the Fig. 3 (a), an initial slope, τ , of the normalized curve is equivalent to the effective elastic stiffness 
of the bare frame; 1γ  and 2γ  are the first and second post-elastic stiffness ratio, respectively. 

By using the initial slope, τ , gravity, effective mass, and effective height of the entire system for the first 
mode, the effective elastic stiffness of the inelastic spring in the propose equivalent SDOF system is 
approximated by 
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In the proposed SDOF system, the skeleton curve of the inelastic spring equivalent to the bare frame can 

be defined using the effective elastic stiffness and post-elastic stiffness ratios as shown in Fig. 3 (b). 

 

2.3 Inelastic Spring Equivalent to Dampers  
This section describes the methodology to estimate the hysteresis rule of inelastic spring equivalent to the 
damper in the proposed equivalent SDOF system. 

 

Fig. 4 – Skeleton curve of dampers and inelastic springs: (a) damper force-story drift curve of damper at ith story 
and (b) damper force-displacement curve of ith spring. 

 

  As shown in Fig. 4 (a), considering only the first mode, a relative displacement of the ith story of the 
MDOF system, i∆ , can be expressed using the displacement of the equivalent SDOF system, δ , as  

 
 1,

E
i s i sφ δ∆ = ⋅ Γ ⋅   (5) 

 
where sΓ  is the participation factor of the entire system can be defined using Eq. (3)  in which 1,

E
F iφ  is replaced 

with 1,
E

s iφ   obtained from the EVA of the entire system.  

Using Eq. (5), the inter-story drift of the ith story of the MDOF system can be expressed as  
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   The force-displacement curve of the ith story damper of the MDOF system and the ith inelastic spring of 
the proposed SDOF system are shown in Fig. 4 (a) and (b), respectively. Here, it is assumed that the dissipative 
energy by the ith story damper of the MDOF system is equivalent to that by the ith inelastic spring of the 
proposed SDOF system. According to this assumption and Eq. (6), properties of the ith inelastic spring of the 
proposed SDOF system can be expressed as [10] 
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where ,d ik  and ,d ik  respectively denote the elastic stiffness of the ith inelastic spring and the ith story damper; 
,d idy  and ,d idy  respectively denote the yield displacement of the ith inelastic spring and the ith story damper; 
,d iα  and ,d iα  respectively signify post-elastic stiffness ratio of the ith inelastic spring and the ith story damper. 

3. Analytical Step for Estimating the Seismic Response  
This section describes the methodology to estimate the inelastic seismic responses of the multi-story frame with 
displacement-dependent dampers based on the performance-based design method in Japan (Calculation of 
Response and Limit Strength) [5, 6]. The inelastic seismic responses can be estimated taking the following steps: 

1. Perform the EVA of the bare frame. Then, define the effective mass, F M , and the effective height, F H , of 
the bare frame for the first mode using Eqs. (1) and (2). 

2. Perform the EVA of the entire system. Then, define the effective mass, s M , and the effective height, s H , 
for the first mode that are the mass and height of the proposed SDOF system. 

3. Determine the skeleton curves of the inelastic springs equivalent to dampers in the proposed equivalent 
SDOF system using Eqs (7)~(9), and the first elastic mode vector, 1

E
sφ . 

4. Perform the NSPA of the bare frame with a lateral load distribution based on the first mode vector.  
5. Determine the skeleton curve of the inelastic spring equivalent to the bare frame using the base shear 

force versus roof drift ratio curve obtained from the NSPA result in Step (3) and mode vectors obtained 
from the EVA result in Step (1) and (2) as show in Fig. 3. 

6. Perform the NSPA of the entire system with a lateral load distribution based on the first mode vector.  
7. Define the shear force versus story drift curve of each story using the NSPA result in Step (6). 
8. Determine the spectral acceleration and displacement (Sa-Sd) curve using the base shear force versus roof 

drift ratio curve using the NSPA result in Step (6). Further details on the Sa-Sd curve can be found in 
reference [6]. 

9. Generate the proposed equivalent SDOF system using the effective mass, s M , effective height, s H , and 
inelastic springs with the skeleton curves determined in Steps (3) and (5). Then perform NTHA of the 
proposed equivalent SDOF system to evaluate the maximum drift, maxδ .  

10. Find the step number, N, at which response corresponds to maxδ  obtained from Step (9), in the Sa-Sd curve 
obtained from Step (8). 
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11. Find the displacement at each story on the shear force versus story drift curve obtained from Step (7) at 
the Nth step obtained from Step (10).  
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Fig. 5 – Comparison of maximum inter-story drifts obtained using equivalent SDOF system models with those 
obtained using the elaborate analytical models (Unit: mm). 

 

4. Numerical Examples 
In order to investigate the accuracy of the proposed model, two-dimensional steel moment resisting frames are 
considered for numerical examples. 

 

4.1 Building models and earthquake ground motion records 
The three-story steel moment resisting frame is designed to meet the current Japanese seismic requirements for 
both strength and inter-story drift. According to the EVA, the natural period for the first mode is 0.758s. Further 
details on the steel moment resisting frames can be found in reference [11]. Properties of dampers are 
determined using two parameters which are a stiffness ratio and a drift ratio. The damper stiffness of ith story is 
determined by a story stiffness of the frame and a stiffness ratio, κ ,  which is ratio of the damper stiffness to the 
story stiffness of the frame. In this paper, three values (0.5, 1, and 2) was used for the stiffness ratio. The yield 
deformation of the damper at ith story is determined by a yield story drift of the frame and a drift ratio, υ ,  which 
is the ratio of the yield deformation of the damper to the story yield drift of the frame. In this paper, only one 
value (0.25) was used for the drift ratio.  

NTHA was performed using the nonlinear dynamic analysis program SNAP ver.5 [12]. Stiffness-
proportional damping is considered for frame with a 2% damping ratio. 73 ground motion records are used to 
investigate the proposed method. These records include ground motions at both near- and far-field sites in the 
U.S. and Japan. A detailed list of the earthquakes can be found in reference [13]. 

 

4.2 Results and discussion 
Fig. (5) shows the comparison of maximum inter-story drifts, which are one of the most influential indexes for 
evaluating the seismic performance of building structures, estimated using equivalent SDOF system models with 
those estimated using elaborate analytical models. For comparison, NTHAs were also performed using single-
spring equivalent SDOF system models. The vertical axis is the maximum inter-story drifts estimated using 
equivalent SDOF system models and the horizontal axis denotes that obtained from NTHA using elaborate 
analytical models. In the Fig. (5), “aveg.” signifies its bias defined by the mean of the ratio of the seismic 
responses estimated using equivalent SDOF system models to those obtained from NTHA using elaborate 
analytical models. Also, “std.” represents the standard deviation of the ratio of the seismic responses estimated 
using equivalent SDOF system models to those obtained from NTHA using elaborate analytical models. The 
biases and standard deviations of the seismic responses estimated using the single-spring model are in the range 
of 0.955-1.075 and 0.211-0.314, respectively. The biases of estimated seismic responses varies with decreasing 
the stiffness ratio. On the other hands, the biases and standard deviations of the seismic responses estimated 
using the proposed model are in the range of 1.01-1.069 and 0.061-0.232, respectively. Regardless of the value 
of the stiffness ratio, the seismic responses estimated by using the proposed equivalent SDOF system model 
agrees fairly well with those computed via NTHA using the elaborate analytical model. This clearly 
demonstrates that the proposed equivalent SDOF system model can accurately estimate the seismic responses of 
multi-story frame with displacement-dependent dampers. 

 

5. Conclusions 
The equivalent SDOF system model of a multi-story frame with displacement-dependent dampers was proposed 
to estimate the seismic responses. The proposed equivalent SDOF system model has multi-spring to take into 
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account the hysteretic behavior of dampers. To confirm the validity of the proposed model, nonlinear time-
history analysis were performed using elaborate analytical models of three-story steel moment resisting frames 
with displacement-dependent passive dampers and their corresponding equivalent SDOF system models. The 
single-spring equivalent SDOF system model was also used for analysis model to comprise with the proposed 
equivalent SDOF system model. The drift demands in the SDOF system were mapped back to building 
structures with damper based on the performance-based design method in Japan (Calculation of Response and 
Limit Strength).  According to the results, the proposed equivalent SDOF system model has sufficient accuracy 
for evaluation of the seismic responses. 
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