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Abstract 
Reinforcement slip in footing can make a significant contribution to the total lateral displacement of a reinforced concrete 
(RC) column, and thereby greatly influenced the seismic responses. In this paper, to simulate a flexure-dominated RC 
bridge column shake-table test, a modified fiber beam-column element model considering reinforcement slip in footing is 
developed and implemented in a general commercial finite element (FE) package. First, on the basis of an effective macro 
model for calculating anchorage slip and a classical uniaxial stress–strain relationship of rebar, the reinforcement anchorage 
slip in the footing is formulated. The macro model assumed a stepped bond stress to deal with the bond–slip relationship, 
and the slip is derived by integrating the strain over the development length. Then, the derived anchorage slip is introduced 
into the framework of the conventional fiber element model. By considering the rebar fiber strain in the footing fiber 
element as the sum of the rebar deformation and the anchorage slip, the stress–strain skeleton curve and the hysteretic law 
of rebar are modified. Finally, the shake-table test of a full-scale flexure-dominated bridge column is simulated to validate 
the developed model. Comparisons indicate the considerably improved accuracy of the developed model in simulating the 
column displacement time-histories, base moment–column displacement responses, and base moment–base curvature 
responses. The developed model shows good accuracy in simulating the moment capacity and column stiffness, whereas the 
conventional fiber model significantly overestimates the column lateral stiffness. In addition, the measured lateral 
displacement ratio caused by the fixed-end rotation in each test is well predicted by the developed model. Therefore, the 
model is validated at structural, sectional and micro levels. 

Keywords: Shake-table test; Fiber beam–column element model; Reinforcement anchorage slip; Fixed-end rotation 
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1. Introduction 
A 1.22-m diameter, 7.32-m height full-scale RC bridge column (Fig. 1) was tested under simulated ground 
motions produced by the NEES shake table at the University of California, San Diego [1–4]. To response in the 
nonlinear range with a flexure-dominated behavior, the column was designed to have a moment-to-shear ratio of 
6D (D is the column diameter). A total of ten earthquake simulation tests were conducted. The results in the first 
six tests were provided for a blind prediction competition [2, 3]. These test results could serve as a unique 
dataset that can be used to validate nonlinear finite element models. 

 
Fig. 1 – Column geometry and material properties 

 Reinforcement anchorage slip in the footing can make a significant contribution to the total lateral 
displacement of a reinforced concrete (RC) column [5–7]. A reinforcing rebar embedded in the footing will 
accumulate strain over the development length under tensile load. The accumulation of this strain will cause the 
rebar to extend, thereby causing anchorage slip at the column–footing interface. The anchorage slip in the tensile 
region of a column section will cause fixed-end rotation of the column, which may notably increase the lateral 
displacement of the column. Experimental results from the bridge column shake-table test indicated that the 
fixed-end rotation contributed approximately 15% of the total lateral displacement [1] and thereby significantly 
influence the seismic responses. For columns with longitudinal reinforcement in worse anchorage conditions, the 
contribution of slip deformations may be as large as flexural deformations [5]. Therefore, for better prediction of 
the column responses in the shake-table test, anchorage slip is needed to be considered in the numerical model. 

 Researchers have made significant efforts to model this anchorage slip effect [6–14]. However, few of 
these models can be directly integrated in the framework of the fiber beam–column element model [15–18], 
which is popularized in professional engineering practice because of its high accuracy and low computational 
effort. Because of the lack of efficient fiber beam-column element model for simulating the complex anchorage 
slip effect, a simple and computationally efficient fiber model considering the anchorage slip effect is developed 
and implemented in a general commercial FE package, MSC.MARC (2012) [19]. The developed model is then 
applied to simulate the full-scale RC bridge column shake-table test by PEER. The experimental results of the 
column displacement time-histories, base moment–column displacement responses, and base moment–base 
curvature responses are compared with the numerical results, which are obtained with and without considering 
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anchorage slip effect. In addition, the numerical results of the lateral displacement ratio caused by fixed-end 
rotation are compared with the experimental results to further validate the developed model. 

2. Fiber beam–column element model considering anchorage slip 
2.1 Conventional fiber model 
Assuming that plane sections remain plane and normal to the longitudinal axis, the sectional constitutive law can 
be derived from the material uniaxial models under the framework of the fiber element model. Therefore, the 
uniaxial constitutive laws of fiber materials play a significant role in the rational prediction of structural 
nonlinear responses. As the basis of this study, a conventional fiber model developed in previous studies [17, 18] 
is first introduced. 

 The uniaxial stress–strain skeleton curve and hysteretic law of concrete are shown in Fig. 2. For the 
concrete in compression, the stress–strain (σ–ε) relationship assumes a parabolic form before the peak 
compressive strain ε0. When the compressive strain ε exceeds the peak compressive strain ε0, a linear 
relationship is assumed for ordinary concrete. For concrete in tension, a bilinear model is assumed. Concrete 
demonstrates evident strength and stiffness degradation effects under cyclic loading. Therefore, for the uniaxial 
stress–strain hysteretic law of concrete, an elaborated model that can effectively consider these two significant 
effects is applied [18]. 
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Fig. 2 – Uniaxial constitutive laws of concrete 
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Fig. 3 – Uniaxial constitutive laws of rebar (σ–εs relation) 
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 The referenced uniaxial stress–strain skeleton curve of rebar [20] is formulated in Eq. (1) and shown in 
Fig. 3a. In the elastic and yielding ranges, the stress–strain relationships are typical for sharp yielding steels. The 
elastic modulus Es is set to 200,000 MPa. In the strain hardening range, the stress–strain relationship is assumed 
to have a parabolic form. In addition, three factors k1, k2, and k3 are applied to define the shape of the uniaxial 
stress–strain skeleton curve. In this study, attentions are focused on the anchorage slip and its influence on the 
rebar constitutive laws; thus, other effects such as the complex buckling and degradation of rebar in compression 
is not considered. 
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where fy denotes the yielding stress; and εy denotes the yielding strain. 

 The hysteretic law of rebar is shown in Fig. 3b. The classical elastic unloading rule is assumed, and the 
unloading modulus is equal to the elastic modulus Es. For the reloading rule, an elaborated law that has a good 
accuracy in simulating the nonlinear kinematic hardening is adopted [21], as formulated in Eq. (2). As shown in 
Fig. 3b, a beginning point and an end point are defined to determine the i-th reloading curve. If the slope from 
the beginning point to the end point is less than Es, a p-power curve is assumed (refer to the reloading branches 
(1c), (1t), and (2c) in Fig. 3b. Power p should be determined according to Eq. (3); thus, the slopes of the 
reloading curve at the beginning point and the end point are equal to Es and Eh, respectively. 
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where Eh denotes the hardening modulus defined in Fig. 3a. 
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Fig. 4 – Micro and macro models for calculating anchorage slip 

2.2 Anchorage slip in the footing 
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Numerous numerical models for calculating anchorage slip have been put forward by researchers. As shown in 
Fig. 4, Micro models [9-11] consider the bond stress–anchorage slip relationship directly, whereas macro models 
[6, 7] deal with the bond–slip relationship in an average way and a stepped bond stress is often assumed. 
Although micro models seem to be straightforward, they may require a high computational effort in an iteration 
process. On the contrary, with simple assumptions, macro models are often very effective from a computational 
viewpoint. Among all available models for calculating anchorage slip in the footing, this study applies the macro 
model proposed by Sezen and Setlzer [7], which predicts slip displacements reasonably well considering its 
simplicity and computational efficiency. 

 Fig. 5 shows a reinforcing rebar embedded in the footing under tensile load. The rebar is assumed to have 
a sufficient anchorage length, which is able to provide a full anchorage strength. As shown in Fig. 5, the bond 
stress is approximated as a stepped function, and is given by ub for elastic rebar stress and ub' = 0.5ub for 
inelastic rebar stress. On the basis of this assumption, the rebar stress distribution can be derived by integrating 
the bond stress over the development length. Then, the rebar strain distribution can be derived according to the 
uniaxial stress–strain relationship of rebar (Fig. 3a). Finally, the slip can be derived (Eq. (4)) by integrating the 
strain over the development length ld, as shown in the shaded area of Fig. 5. 
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Fig. 5 – Anchorage slip model proposed by Sezen and Setlzer [7] 

 The development length ld is derived from the equilibrium of forces along the rebar, as shown in Eq. (5). 
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where fs denotes the rebar stress; and db denotes the rebar diameter. 

 Carrying out the integration of Eq. (4), the anchorage slip is derived as Eq. (6). In addition, the anchorage 
slip under two typical stress levels, i.e. the yielding stress fy and the ultimate stress fu, is formulated as Eqs. (7) 
and (8). 

 
dy d

dy

s d
s y

y dy
y s y

( )
2slip

slip slip ( ) ( )
2

l l

l

l

l
x dx

ε ε ε

ε
ε ε ε

′+

 ≤= 
 ′+ = + >
 ∫

 (6) 

5 



16th World Conference on Earthquake, 16WCEE 2017 

Santiago Chile, January 9th to 13th 2017  

 y dy
yslip =

2
lε

 (7) 

 ( )y dy y b
y sh y 3 1 2

b

2 1slip slip slip = 1
2 4 3 3u

l f d
k k k

u
ε

ε  = + + ⋅ − ⋅ + ′  
 (8) 

2.3 Modified fiber model 
According to Monti and Spacone [10], to consider anchorage slip in the footing, the fiber element model retains 
the plane-section assumption, but the rebar fiber strain in the footing fiber element is computed as the sum of 
two contributions: the rebar deformation and the anchorage slip. The anchorage slip is assumed to be uniformly 
distributed in the rebar fiber of the footing element. On the basis of these assumptions, the slip-induced rebar 
fiber strain εslip and the total rebar fiber strain εtotal in the footing fiber element can be determined as Eqs. (9) and 
(10). Then, the stress–total strain (σ–εtotal) relationship is assumed for the modified uniaxial constitutive law of 
rebar in the footing fiber element. Therefore, the fiber model considering reinforcement slip can be developed. 
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where Le denotes the length of the footing fiber element; and slip denotes the rebar anchorage slip. 
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Fig. 6 – Modified constitutive laws of rebar (σ–εtotal relation) 

 Following this σ–εtotal process and the formulated anchorage slip in the footing, the uniaxial stress–strain 
skeleton curve of rebar is modified for the footing fiber element, as shown in Fig. 6a and formulated in Eq. (11). 
All modifications relative to Fig. 3 are marked in red. Because anchorage slip develops as rebar stress increases 
in the elastic and hardening ranges, the modification in the skeleton curve is the elastic stiffness of rebar and the 
elongation of the hardening branch under tensile loading. For simplicity and effectiveness, the modified formula 
for the stress–strain skeleton curve follows the original form, and the rebar strain of the three typical points A, B, 
and C are increased as formulated in Eqs. (12–14). Because zero anchorage slip is assumed for rebar under 
compressive loading, the compressive part of the skeleton curve remains unchanged. 
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where k0', k1', and k2' denote the three factors defining the shape of the modified uniaxial stress–strain skeleton 
curve, and they can be formulated as Eqs. (12–14) according to Eqs. (9) and (10). 

 0 y1k α′ = +  (12) 

 1 1 yk k α′ = +  (13) 

 2 2 shyk k α α′ = + +  (14) 
where αy and αsh denote the strain incremental factors for the elastic range and the hardening range of the rebar, 
respectively. 
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 The modified hysteretic law is shown in Fig. 6b. The reloading rule is further formulated in Eqs. (17) and 
(18). To consider anchorage slip effect, the unloading modulus and the initial reloading modulus are reduced 
according to Eqs. (9) and (10). The reduction factors with respect to tensile/compressive unloading and reloading 
are formulated in Eq. (19). 
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where εslip,max denotes the maximum experienced slip strain and is set to the yielding slip strain αyεy when rebar 
has not reached the tensile yielding stress; and R1 and R2 denote the degree of anchorage slip 
recovery/development in the strain hardening range of rebar during tensile unloading and tensile reloading, 
respectively. 

2.4 Post-processing for fixed-end rotation ratio 
After the finite element analysis, a post-processing method can be applied to derive the lateral displacement ratio 
caused by the fixed-end rotation owing to the anchorage slip effect (denoted by the fixed-end rotation (FER) 
ratio RFER). Following a reverse process of the total rebar strain (εtotal) determination shown in Eqs. (9) and (10), 
the fixed-end rotation ratio is formulated in Eq. (22) after solving the anchorage slip and the slip rotation angle 
θFER. 

 ( )e slip e total sslip=L Lε ε ε= −  (20) 

 t c
FER

t c

slip slip=
d d

θ −
−

 (21) 

 FER
FER = LR θ

∆
 (22) 

where slipt and slipc denote the anchorage slip in the extreme tension and compression rebar, respectively; dt−dc 
denotes the distance between the extreme tensile and compressive rebars; and Δ denotes the top lateral 
displacement. 

3. Simulation of the RC bridge column shake-table test 
3.1 Experiment and modeling 
The test specimen included a circular RC column, superstructure mass, and a footing, as shown in Fig. 1. The 
column had a longitudinal reinforcement ratio of 1.55% and a transverse reinforcement volumetric confining 
ratio of 0.95%. The superstructure mass weighing 2.32 × 106 N was cast on top of the bridge column to mobilize 
inertia forces, which also produced an axial load ratio of 5.3%Agfc' at the column base. A sufficient anchorage 
length of one column diameter was designed for the longitudinal reinforcements to the footing, which was 
rigidly post-tensioned to the shake table. Fig. 1 also shows the material properties. 

 In the finite element modeling, the element mesh and section discretization are shown in Fig. 7. As shown 
in Fig. 7a, the developed fiber model considering the anchorage slip is applied to the footing fiber element only, 
while the conventional fiber model is applied to the upper fiber elements. To accurately consider the deformation 
localization effect [22] in displacement-based fiber models, the rational mesh size is selected as the equivalent 
plastic hinge length Lp of a cantilevered member. For the equivalent plastic hinge length Lp of an RC column 
with a low axial load ratio, the formula recommended by Zahn [23] (Eq. (23)) is applied. In addition, to ensure 
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accuracy in professional engineering practice [18], 80 concrete section fibers resulting from 16 circumferential 
divisions and 5 radial divisions are applied. 
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c g c g
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where L denotes the column height; P denotes the axial load; and Ag denotes the gross cross-sectional area of the 
column. 
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(a) Element mesh (b) Section discretization 
Fig. 7 – Element mesh and section discretization 

3.2 Column responses 
Fig. 8 compares the measured column displacement time-histories with the numerical results. To exclude the 
accumulated error in earlier earthquake simulation tests, the column displacement numerical results are shifted 
such that the initial column displacement numerical result is the same as the experimental result for each test. 
Comparisons between the numerical and test results indicate the good accuracy of the developed model 
considering anchorage slip effect in simulating the column displacement time-history response at the early stage 
of each earthquake simulation test. On the contrary, the conventional model without considering the slip effect 
may significantly underestimate or overestimate the column responses during low-intensity earthquakes, as 
shown in EQ1 (Fig. 8a). Additionally, as shown in Fig. 8, the developed model can also predicts the peak 
column displacements better. In general, the developed model is able to predict the column responses with a 
considerably improved accuracy. Therefore, anchorage slip effect should be considered while simulating RC 
column responses under earthquakes. 
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Fig. 8 – Comparison of column displacement time-histories 

 Fig. 9 compares the measured column responses in terms of base moment and top lateral displacement 
with the numerical results. Comparisons indicate the good accuracy of the developed model in simulating the 
column responses at a structural level. The developed model can closely predict the column stiffness, indicating 
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that the lateral displacement contributed by the anchorage slip are well considered. Therefore, the modified fiber 
element model is validated at the structural level. On the contrary, the conventional model without considering 
the slip effect overestimates the column lateral stiffness, and thus may underestimate or overestimate the column 
responses during some earthquakes, especially in EQ1 and EQ2 (Figs. 9a and b). Therefore, anchorage slip effect 
should be considered while simulating RC column structural responses under earthquakes. 
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Fig. 9 – Comparison of column response in terms of base moment and displacement 

 Fig. 10 compares the measured column responses in terms of base moment and base curvature with the 
numerical results. Comparisons of the curves indicate the good accuracy of the developed model in simulating 
the column responses at a sectional level. The developed model can closely predict the column sectional 
stiffness, indicating that the rebar fiber strain increment contributed by the anchorage slip are well considered. 
Therefore, the modified fiber element model is validated at the sectional level. On the contrary, the conventional 
model without considering the slip effect overestimated the column sectional stiffness, and thus may 
underestimate or overestimate the column responses during some earthquakes, especially in EQ1 and EQ2 (Figs. 
10a and b). Therefore, anchorage slip effect should be considered while simulating RC column base sectional 
responses under earthquakes. 
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Fig. 10 – Comparison of column response in terms of base moment and curvature 

3.3 Fixed-end rotation ratio 
From the above comparisons of the experimental and numerical results, the reliability of the developed fiber 
element model in simulating the column responses at both structural and sectional levels has been validated. To 
further validate this model at the micro level, the experimental results for the fixed-end rotation ratio at peak 
displacements are compared with the numerical results. 

 Fig. 11 compares the measured fixed-end rotation ratio with the numerical results in each test, which are 
obtained by the developed fiber model considering anchorage slip effect. The red lines represent the 
experimental results of the fixed-end rotation ratio at peak displacements. The numerical results for the fixed-end 
rotation ratio converge to a stable value in each loading direction of all earthquake simulations. At relatively 
high displacements, the fixed-end rotation ratios predicted by the developed model match closely with the test 
results. The well-prediction of the fixed-end rotation ratio indicates that the rebar anchorage slip is accurately 
considered in the developed model. Therefore, the model is further validated at the micro level. 
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Fig. 11 – Comparison of fixed-end rotation ratio 

4. Conclusions 
This paper presents a fiber beam–column element model that considers anchorage slip in the footing. The model 
is then applied to simulate the responses of a full-scale bridge column under shake-table excitations. The main 
findings in the present study are summarized as follows: 

 (1) The fiber model considering anchorage slip effect is developed by assuming the stress–total strain (σ–
ε total) relationship for the modified uniaxial constitutive law of rebar in the footing fiber element. In the 
calculation, the total strain is computed as the sum of the rebar deformation and the anchorage slip, which is 
formulated on the basis of Sezen and Setlzer’s macro model [7] and is assumed to be uniformly distributed in the 
rebar fiber of the footing element. 

 (2) For the column displacement time-history results, the developed fiber model shows good accuracy in 
simulating the early stage of each earthquake simulation test, whereas the conventional fiber model may vary 
significantly from the test results in low-intensity earthquakes. 

 (3) The developed fiber model can closely predict the column responses at both structural (base moment–
column displacement responses) and sectional (base moment–curvature responses) levels.  

 (4) The developed model is able to predict the fixed-end rotation ratio in each test with a reasonable level 
of accuracy. Therefore, the well-consideration of the bond-slip effect is further validated. 
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