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Abstract 
A cable is a typical structural component in the field of structure engineering.  Under seismic loads, the cable performs 
random vibration. If the excitation intensity is considerably high, the cable vibrates with a non-linear large deflection. In 
such a case, the quadratic and cubic non-linear terms in displacement have to be considered and the response of the cable 
becomes complicated. This paper presents a study on non-stationary response of a non-linear cable under random excitation 
by a developed path integration method. In the path integration method, the Gauss-Legendre scheme and short-time 
Gaussian approximation are employed to numerically obtain the probability density function (PDF) of the cable. After that, 
the probability density evolution process is investigated in detail. Comparison with the exact stationary solution shows that 
the path integration method works well for approximating the PDF solution, even in the tail region. Due to the presence of 
the quadratic non-linear term in displacement, the PDF solution of displacement has a non-symmetric shape, which 
significantly differs from a Gaussian PDF distribution. The numerical analysis further shows that the initial PDF of 
displacement first shifts to the positive direction along displacement in the beginning and then it turns back around the 
stationary PDF distribution. For different time instants, the non-stationary PDFs differ significantly from each other. At a 
early time instant, the peak PDF corresponding to a larger displacement is much larger than the other peaks. This indicates 
that in the non-stationary state, a larger displacement has a much higher probability than the prediction of the stationary 
case. In a dynamical reliability analysis, the critical state possibly occurs in the non-stationary process. The non-stationary 
PDF behavior of velocity has a similar evolution to the one of displacement .This observation should be considered in the 
dynamical reliability analysis of a structure. 
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1. Introduction 
A cable is a typical structural component in the field of structure engineering. For example, long-span cable-
stayed bridges vibrate due to environmental and service loadings such as wind, rain, traffic or earthquake [1]. 
The use of cables in large buildings is to provide large column free area [2]. The galloping oscillations of 
transmission lines are self-excited motion with an extremely small excitation term [3]. The vibration of cables 
can be excited by direct loading on the cables or the support-induced motion, which leads to a more complicated 
dynamical response of a structure. Therefore, the vibration of a cable has received much attention from different 
aspects. Gambhir and Batchelor (1978) applied the finite element method to the study of natural frequencies and 
modes of vibration of sagged cables [4]. Hagedorn and Schäfer considered the effect of non-linear terms in the 
equations of motion on the first normal modes of the oscillations of an elastic flexible cable [3]. The Ritz-
Galerkin method was used to develop the non-linear equations and to obtain approximate solutions. Luongo et al. 
studied planar non-linear free vibrations of an elastic cable with a deformed initial configuration [5]. The 
Galerkin method was also used to obtain one ordinary equation for the cable planar motion and a perturbation 
method was employed to derive an approximate solution. Ali investigated the forced vibrations of three 
dimensional sagged cables with movable supports [2]. The three non-linear coupled partial differential equations 
were solved using the finite difference method when the cable is excited by static and dynamical loads for fixed 
and movable support conditions. Later Benedettini and Rega considered the non-linear dynamical behavior of an 
elastic cable with the quadratic and cubic non-linearities and planar excitation [6]. They conducted a high-order 
perturbation analysis on the primary resonance. El-Attar et al. studied non-linear cable response to multiple 
support periodic excitations [7]. They first developed the coupled non-linear differential equations of cable 
vibration due to transverse and vertical multiple support harmonic excitations, in which the phase difference 
between the input support excitations at cable ends was considered. The Galerkin method was used to solve the 
spatial problem and the method of multiple time scales was employed to solve the temporal problem. Rega 
[8,9]and Ibrahim [10] made a comprehensive review on non-linear vibrations of suspended cables. The review 
included system modeling and methods of analysis, deterministic nonlinear phenomena arising in the finite 
amplitude dynamics of elastic suspended cables and the random excitation of nonlinear strings and suspended 
cables in air and fluid flow. In the case of random vibration, response statistics, first passage problem and power 
spectral density were interesting topics. Nielsen and Sichani studied stochastic and chaotic sub- and 
superhamonic response of shallow cables due to chord elongations [11]. The excitation was considered to be 
stochastically varying chord elongations caused by random vibrations of the supported structure. 

As above described, the non-linear vibration of a cable has been an interesting research topic due to the 
occurrence of its complicated phenomena. However, the non-stationary response of a non-linear cable under 
random excitation is less investigated, especially for the non-stationary probability density function (PDF). As 
Ibrahim reviewed [10], when a cable is under random excitation, response statistics, first passage problem and 
power spectral density have to be obtained. These concerned variables mostly rely on the PDFs of response. This 
motivates the authors to carry out a study for the non-stationary PDF of a non-linear cable under random 
excitation. In this paper, a path integration analysis is conducted on the non-stationary PDF of a non-linear cable 
under random excitation. This paper considers the non-linear dynamical behavior of an elastic cable with the 
quadratic and cubic non-linearities and planar excitation. As the adopted path integration method is concerned, 
the interpolation scheme is based on the Gauss-Legendre quadrature integration rule [12] and the short-time 
transition probability density is based on short-time Gaussian approximation [13,14]. The present work extends 
the path integration method to the case of non-linear random vibration of a cable. After that, the probability 
density evolution process is investigated in detail. Comparison with the exact stationary solution shows that the 
path integration method works well for approximating the PDF solution, even in the tail region. Due to the 
presence of the quadratic non-linear term in displacement, the PDF solution of displacement has a non-
symmetric shape, which significantly differs from a Gaussian PDF distribution. This difference should be 
considered in reliability analysis. 
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2. Problem formulation 
For the sake of simplicity, the non-linear random vibration of a cable can be mathematically expressed in a non-
dimensional form [6,15] 
 )(3

3
2

21 tukukukucu ξ=++++   (1) 

where u  is the first-mode amplitude; c  is the damping coefficient; 1k , 2k  and 3k are the stiffness parameters. 
)(tξ  is the Gaussian white noise and its statistics are as follows 

 [ ] 0)(E =tξ , [ ] )(2)()(E τδπτξξ Ktt =+  (2) 
where Kπ2 is the excitation intensity and )(τδ  is the Dirac delta function. Let xu =  and yu = , Eq. (1) can be 
reformulated in a set of first-order differential equations 
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According to Eq. (3), the associated Fokker-Planck-Kolmogorov (FPK) equation is established below 
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where ),,|,,( 0
)0()0( tyxtyxqq =  is the joint PDF of the response of the non-linear cable. The FPK equation is 

to be solved under the initial condition  
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and some specified boundary conditions. 

Due to the complicated form of Eq. (4), the exact non-stationary PDF solution is hardly obtained. If the 
stationary PDF is considered and the term on the left-hand side equals to zero, the stationary FPK equation can 
be solved exactly. The stationary PDF is given below 
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where C  is the normalized constant. Eq. (6) presents a stationary PDF because the PDF is independent of time t  
and the initial condition. 

In order to obtain the non-stationary PDF solution, the path integration method is adopted. The solution 
procedure of the adopted path integration method is given as follows.  

First assuming that )(tx  is  a vector containing n  entries，the PDF of )(tx at 1−= itt  is given below 
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reduced n -dimensional space of )(tx . The PDF of )(tx can be reformulated below 
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This means that the path integration method discretize Eq. (8) at a finite number of state integral points of space 
and time. The values of ),|,( 1

1
−

−
i

i
i

i ttq )()( xx  and ),( 1
1
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−

i
i tp )(x  can be approximated by the corresponding grid 

points.  The stepwise evaluation of the PDF can be implemented using the splines interpolation method [16] or 
the Gauss-Legendre integration scheme [12]. In this paper, the Gauss-Legendre integration scheme is used and 
the expression of two-dimensional integration is given below 
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where n  and m  are the interval numbers along x-direction and y-direction; x∆  and y∆  are the lengths of sub-

intervals along x-direction and y-direction; rx  and sy  are the Gaussian quadrature points. 
For the k th interval along x-direction  
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where ( ) 121 +×−= ki  and .,...,1 nk =  Lx is the left boundary of the k th interval and Rx  is the right boundary 
of the k th interval. 
For the l th interval along y-direction 
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where ( ) 121 +×−= lj  and .,...,1 ml =  Ly is the left boundary of the l th interval and Ry  is the right boundary 
of the l th interval. 
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k tyxp  is the PDF of the Gaussian quadrature point ( kx , ly ) at the time instant 1−= itt . According 

to the probability theory, the PDFs of the Gaussian quadrature points at itt =  can be accessible given that the 
PDFs of the Gaussian quadrature points and their transition PDFs are known at  1-itt = . 
When the time increment is small, the Gaussian assumption of the transition probability density is acceptable 
[14]. Sun and Hsu proposed a short-time Gaussian approximation for the transition probability density through 
the Gaussian closure method. This approximation for the transition probability density is employed in this paper 
and the transition probability density is given below 

 




























 −
+












 −












 −
−





















 −







−
−×

−
=

−

−

−

−

−

−

−−

−

−

−−

−−−−

−
−−

2)()()(

2)(

2

21
)1()1()()(

)1(

)1(

)1(

)1(

)1(

)1(

)1()1(

)1(

)1(

)1()1(

)1()1()1()1(

2

)1(2
1exp

12
1),,|,,(

i
l

i
l

i
l

i
l

i
k

i
k

i
l

i
k

i
k

i
k

i
l

i
k

i
l

i
k

i
l

i
k

y

y
i

s

y

y
i

s

x

x
i

r

yx

x

x
i

r

yx

yxyx

i
i

l
i

ki
i

s
i

r

mymymx

mx

tyxtyxq

sss
r

sr

rsπs

 (12) 

where )1( −i
kx

m  and )1( −i
ly

m  are the means of  1−i
kx and 1−i

ly , respectively. )1()1( −− i
l

i
k yx
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kx and 1−i
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Eq. (13) can be formulated using the results of the Gaussian closure method. According to Eq. (13), the 
corresponding moment equations can be established 
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where ][ sr
rs yxEm = .  In Eq. (13), some higher-order moment terms exist, which means that the set of equations 

are not closed themselves. Therefore, the Gaussian closure method is adopted to make the higher-order moment 
terms be expressed by the first-order and second-order moment terms. These expressions are given below: 
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Eqs. (13) and (14) are simultaneously solved by the fourth-order Runge-Kutta algorithm. The initial solution at 
the time instant it  is given as 
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After that, the first-order and second-order moments can be obtained with respect to time. The transition PDF 
has a significant value only in the neighborhood of the starting point ( ))1()1( , −− i

l
i

k yx . Only a few destination 
Gaussian points are needed in Eq. (9). The computational at other points can be eliminated, which significantly 
reduces the computational efforts. The detail can be referred to Ref. [17]. 

3. Illustrative example 
In order to show the effectiveness of the path integration method, an example is further studied. The parameters 
of Eq. (1) and Eq. (2) are defined as follows: 0.1=c ; 1.01 =k , 1.02 =k , 0.33 =k  and 0.22 =Kπ . The initial 
condition is given below   
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where 1.51 −=µ , 2.02 −=µ , 1.01 =s  and 1.02 =s . 
In the path integration method, the state space is ]6 ,6[]6 ,6[ −×− , which is divided into 60 uniform sub-
intervals along each direction with two quadrature points in each sub-interval. The time step is taken as 1.0 for 
formulating the transition PDF solution with the short-time Gaussian approximation. In the numerical analysis, 
the non-stationary PDF and stationary PDF of the non-linear cable are both studied.  

The exact stationary PDF solution is obtained using the expression of Eq. (6). The state space of x  and y  is the 
same as the one used in the path integration method, i.e., ]6 ,6[]6 ,6[ −×− . The Gauss-Legendre quadrature 
integration rule is also used to obtain the values of the exact stationary PDF at each Gaussian quadrature point. 
In Eq. (6), the normalized constant C can be determined considering the fact that the probability is unit by 
integrating the PDF over the entire state space as Eq. (17) shows 
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(a) PDF of displacement                                                   (b) Logarithmic PDF of displacement 

 
(c) PDF of velocity                                                           (d) Logarithmic PDF of velocity 

Fig. 1 Comparison  between the path integration method (PI) and the exact solution (Exact) 

In the numerical analysis, the time duration 100=t  is taken as the stationary PDF solution of the path 
integration method. The longer duration cannot significantly improve the accuracy of the result but it takes much 
more computational times. Fig. 1 presents the comparison on the results obtained with the path integration 
method with the exact solution. Fig. 1(a) shows that the displacement has a non-symmetric PDF distribution and 
the path integration method provides a satisfactory PDF solution compared with the exact solution. This 
agreement can be observed in the tail region as shown in Fig. 1(b). The good agreement can be made even at the 
probability level of 16101 −× . Fig. 1(b) also shows that the PDF distribution of displacement has a non-symmetric 
shape and the mean is non-zero.   

The quadratic term in the restoring force in Eq. (1) results in the cubic-order term of displacement in the 
exponential of PDF in Eq. (6). The cubic term of displacement in Eq. (6) causes the non-zero mean and a non-
symmetric PDF distribution of displacement. When a failure probability is concerned in the tail region for the 
system in Eq. (1), the failure probabilities of the left and right ranges of displacement are significantly different, 
which should be paid attention to in the reliability design of such a kind of system. Consequently, the 
conventional assumption on a symmetric PDF distribution is no longer valid in reliability analysis.  This is a 
difference of cable vibration from other member vibrations. As expected, if the magnitude of the cubic term in 
Eq. (6) increases, the non-symmetric PDF distribution of displacement will be more significant. Therefore, the 
effects of  the quadratic term in the restoring force in Eq. (1)  are worth investigating widely. 
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(a) Non-stationary PDFs of displacement                           (b) Non-stationary PDFs of velocity 

Fig. 2 Comparison  on the PDF evolution of the non-linear cable from 0=t  to 20=t  

 
(a) Non-stationary PDFs of displacement                           (b) Non-stationary PDFs of velocity 

Fig. 3 Comparison  on the PDF evolution of the non-linear cable from 20=t  to 100=t  

As the case of velocity is concerned, Fig. 1(c) and 1(d) provide a comparison on the results obtained with the 
path integration method with the exact solution for velocity. The good agreement is also made between the path 
integration method with the exact solution, even in the tail region. By contrast, the PDF distribution of velocity 
has a symmetric shape and its mean is zero. As shown in Fig. 1(c),  the good agreement can be made even at the 
probability level of  8101 −× . The different behavior between displacement and velocity can be explained using 
the expression of Eq. (6). For the exact stationary PDF solution, Eq. (6) has no cross term between displacement 
and velocity, which means that displacement and velocity is not correlated to each other in stationary state. 
Therefore, the PDFs of displacement and velocity present different PDF distributions. 

Next, the PDF evolution of the non-linear cable is studied in detail from the beginning to the stationary statement. 
Fig. 2 presents the PDF evolution of the non-linear cable from 0=t  to 20=t  while Fig. 3 compares the PDF 
evolution of the non-linear cable from 20=t  to 100=t . As shown in Fig. 2, the non-stationary PDF of the 
response significantly varies. Because the initial condition Eq. (16) has a much higher peak than other non-
stationary PDFs, Fig. 2 do not show the whole distribution of the initial PDF in order to make the PDF evolution 
at other time instant clear. Fig. 2 shows that the initial PDF of displacement first shifts to the positive direction 
along displacement until 5=t  and then it turns back around the stationary PDF distribution. For different time 
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instants, the non-stationary PDFs differ significantly from each. At the time instant 5=t , the peak PDF 
corresponding to a larger displacement is much larger than the one of 20=t . This indicates that in the non-
stationary state, a larger displacement has a much higher probability than the prediction of the stationary case. In 
a dynamical reliability analysis, the critical state possibly occurs in the non-stationary process. In the case of 
velocity, the similar observations can be made. 

When the time duration is from 20=t  to 100=t  as shown in Fig. 3, the PDF evolves nearly to the stationary 
state. Fig. 3 indicates that there is no significant difference from 40=t  to 100=t  indicating that the cable 
reaches a stationary state about at 40=t . 

4. Conclusions 
The random vibration of a non-linear cable is considered in this paper. The equation of motion of the cable is 
formulated about the first-mode amplitude in a non-dimensional form. In this equation, the quadratic and cubic 
non-linear terms in displacement are considered. The non-stationary PDF of the cable is solved by a developed 
path integration method. In the path integration method, the Gauss-Legendre scheme and short-time Gaussian 
approximation are employed to numerically obtain the probability density function (PDF) of the cable. After that, 
the probability density evolution process is investigated in detail. Comparison with the exact stationary solution 
shows that the path integration method works well for approximating the PDF solution, even in the tail region. 
Due to the presence of the quadratic non-linear term in displacement, the PDF solution of displacement has a 
non-symmetric shape, which significantly differs from a Gaussian PDF distribution. The numerical analysis 
further shows that the initial PDF of displacement first shifts to the positive direction along displacement in the 
beginning and then it turns back around the stationary PDF distribution. For different time instants, the non-
stationary PDFs differ significantly from each other. At a early time instant, the peak PDF corresponding to a 
larger displacement is much larger than the other peaks. This indicates that in the non-stationary state, a larger 
displacement has a much higher probability than the prediction of the stationary case. In a dynamical reliability 
analysis, the critical state possibly occurs in the non-stationary process. The non-stationary PDF behavior of 
velocity has a similar evolution to the one of displacement .This observation should be considered in the 
dynamical reliability analysis of a structure. 
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