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Abstract 
The seismic performance of a 10-story building, designed using an eigenfrequency optimization procedure, is evaluated 
using Performance-Based Earthquake Engineering (PBEE). The optimization is carried out using a computationally-
efficient topology optimization method for reinforced concrete (RC) moment resisting frames, wherein beam and column 
dimensions are determined by maximizing the natural frequency of the structure. The seismic performance of the optimized 
building is compared to a non-optimized building. Results show that the drift in the lower stories in the optimized building 
is reduced and drift demands follow a more uniform distribution over building height. Moreover, the collapse probability 
and expected casualties of the optimized building are lower. These improvements come without additional cost, because the 
buildings’ construction costs and annualized losses associated with seismic repairs are almost equal. These results 
demonstrate that maximizing natural frequency can be an effective design criterion for improving seismic performance of 
RC frames which is straightforward to implement and computationally efficient. 

 

Keywords: performance-based earthquake engineering; collapse fragility; topology optimization; reinforced concrete 
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1. Introduction 
Existing optimization approaches have demonstrated the capability to provide good solutions to the design 
optimization of RC MRF using different optimization frameworks [1] and solution methods [2-5]. However, 
most of these methods come with high computational costs. Although significant effort has been made to 
improve optimization computational efficiency [6], [7], they still require of hours and even days to solve simple 
problems when running on consumer-level computers [7]. In addition to being computationally expensive, these 
approaches often require knowledge and expertise in areas such as nonlinear modeling of structures, and 
structural reliability, which are not common in the professional environment where design is carried out. 
Consequently, these approaches have not been widely adopted by practicing engineers, many of whom still use a 
traditional iterative procedure for the design of buildings. 

Our premise is that the ultimate purpose of any research in seismic engineering must be to help in the 
design of better performing and more resilient structures. As a result, seismic optimization approaches must be 
developed with the motivation of being helpful to improve the seismic performance of buildings in practice. 
Moreover, the optimization method should be evaluated in terms of its ability to fulfill this purpose. Achieving 
this purpose requires that a design optimization approach must be effective at improving seismic performance, 
computationally efficient, and easy to implement. 

The authors have developed an optimization approach that aims to provide effective design for 
improvement of seismic performance in a computationally-efficient and straightforward implementation [8]. 
This optimization approach uses eigenfrequency optimization to optimize the seismic design of RC moment 
resisting frames. In eigenfrequency optimization [9], one or more structural frequencies are optimized. For 
structures subjected to dynamic loading (e.g. an earthquake), optimizing the eigenfrequencies of a structure 
follows a straightforward rationale, since the structural response to dynamic loadings is heavily dependent on the 
first few natural frequencies of the structure. Eigenfrequency optimization has previously seen several 
applications in structural engineering, such as stiffness maximization of beam-column connections [10], 
vibration reduction in truss structures [11] and maximization of the fundamental eigenfrequency of 
geometrically nonlinear beams [12]. The advantage of eigenfrequency optimization is that it can leverage 
solution methods [13], [14] with outstanding numerical efficiency [15] to develop an optimization approach that 
can be provide results in the time frames required by design practice, helping practitioners to achieve the 
ultimate goal of structural engineering of reducing losses and improving structural safety. 

The major advantage of the eigenfrequency approach is its computational performance, making it suitable 
for incorporation in the workflow of structural design offices. However, its formulation does not explicitly 
include the seismic performance as a problem constraint, and as a result, its effectiveness is not directly ensured. 
In this paper, the optimization approach is evaluated using performance-based earthquake engineering (PBEE), 
taking as an example a 10-story building whose collapse fragility and annualized losses are compared to a 
traditional design to evaluate the effectiveness of the eigenfrequency optimization approach. 

2. Seismic design using eigenfrequency optimization with full homogenization 
The proposed optimization approach uses a set of dimensions proposed by the engineer as a starting solution. 
This set can be the initial one or the one obtained after the drift check. In both cases the optimization provides set 
of member dimensions with improved seismic performance. These member sizes are chosen such that they 
maximize the first-mode eigenfrequency (or equivalently, minimize the first mode period). Once these 
dimensions are determined, the required reinforcement steel can be calculated using the conventional procedures 
given by design codes. Elastic drift requirements are checked before steel reinforcement calculation because 
experience has shown practitioners that in most situations where dimensions satisfy code drift, they are result in 
steel reinforcement ratios that comply with code requirements for seismic and gravitational forces.  

A brief mathematical description of the application of the eigenfrequency optimization with full 
homogenization applied to RC moment resisting frames is presented in this section. The full details of this 
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procedure have been published elsewhere [8].  The problem to solve is to determine the optimal density optθ  of 

concrete in a bidimensional domain, Ω , that maximizes the first eigenfrequency of the structure, without 
exceeding a prescribed amount of material, and constrained by a lower bound function of material density 

( )minθ Ω . The solution steps using the homogenization method are as follows: 

1.    A domain, Ω , consistent in elevation with the structure is established. This domain is established based 
on the maximum allowed dimensions for the beam height and the column dimensions in the 
optimization direction. For example, for optimization of frame design in the x-direction, we would need 
to define the maximum allowable column height (for major axis bending in the x direction) and beam 
height, defining an area domain in which material might be placed in the design.  

2.    The minimum material density function ( )minθ Ω  is defined in order to ensure minimum member sizes. 
This function is variable in the domain and is calculated based on the ratio between the minimum 
desired value for beam and column dimensions and their maximum value (as used to define Ω  in the 
previous step). For instance, if the subdomain bΩ  in Ω  corresponding to the beams is 50 cm tall and 
the required minimum beam dimension is 30 cm, then ( ) 0.6min bθ Ω = . 

3.    The concrete material quantity, 0V , serves as a constraint. 0V  is dimensionless, and expressed as a 
fraction of the total area of the domain Ω . Although there are a number of methods that could be used 
for defining 0V , here 0V  is by calculated the area of a reference domain 0Ω  based on a proposed set of 
dimensions for beams and columns (e.g., those obtained from a traditional design or set by engineering 
judgment). The maximum material quantity 0V  is then taken as the ratio of the area of the reference 

domain 0Ω  to the total domain Ω . Thus, the optimized design is constrained uses the same concrete 
material quantity as a traditional code-based design.  

4.   The optimization problem is solved based on Theorem (4.1.46) in [16] with the following algorithm: 
a. Initialize the design parameters 0θ  and calculate *

0C . *
0C  represents the effective elasticity 

tensor, calculated based on Equation (2.68) in [16], and 0θ  represents the materials provided, 
which can be set to 0V . 

b. Iterate until convergence, for 0k ≥ : 
i. Compute the first eigenfunction 1

ku  with the selected design parameters ( kθ , *
kC ). This 

eigenfunction is analogous to the eigenvector (mode shape) considered over the domain, 
and this displaced shape is used to calculate a stress field kσ . 

ii. Update the design parameters ( 1kθ + , *
1kC + ) using the following expression: 

*
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In the above expressions, µ  and λ  represent the Lamé parameters of the concrete, 1σ  and 2σ  are the 
eigenvalues of the stress tensor, B  is the concrete elasticity tensor and A Bδ= , with 0δ ≈  such that A represents 
the elasticity tensor of the void. 

Based on the optimal density θopt, the columns and beams dimensions are calculated by integrating this 
function over the corresponding areas of the domain. To accommodate with construction practices, the 
dimensions can be rounded to multiples of 5 cm. Finally, these dimensions are used to calculate the steel 
reinforcement ratios following the procedures indicated by design codes. 

If desired, other solution methods such as genetic algorithms can also be used to solve the same 
optimization problem with constraints. 

3. Methodology for evaluating the effectiveness of the optimization approach 
The effectiveness of the proposed optimization approach is evaluated using a 10-story RC moment frame. The 
buildings’ structural system consists of spatial moment frames, wherein multiple frame lines are designed to 
resist lateral loads in each direction, with no irregularities in elevation or plan. The story height is 3m, with 6 
bays of 5m in the X direction and 3 in the Y direction. The optimized building is compared against a 
traditionally-designed structure using performance based earthquake engineering (PBEE). PBEE, as developed 
by the Pacific Earthquake Engineering Research Center [17], [18], is a framework for the probabilistic seismic 
performance assessment of buildings, which has seen several applications in recent years [19], [20], [21], [22]. 

The following steps are followed for the design of building in this optimization context: 

1.    A so-called “traditional” building is designed using Response Spectrum Analysis for a location in 
California (37.38ºN, 121.88ºW) with soil type D conditions. The building satisfies all requirements of 
current codes [23] [24] and is used as a baseline comparison for the optimized counterpart, so that any 
potential benefits of the optimization can be explored. The building is designed for the office live load 
requirements of ASCE 7-10 [23]. Since there is only a small difference in the live loads between office 
and residential occupancies, the same building design is later used to represent condominium and office 
structures.  

2.    An optimized building is designed using the procedure described above, with the optimized procedure 
implemented in FreeFem++ [25]. For the sake of making a fair comparison, this building and the 
traditional building use almost the same amount of concrete and reinforcing steel, and any (usually 
negligible) differences come as result of adapting the designs to typical construction practice. 

3.    For each direction of each of the traditional and optimized buildings, a 2D model created in OpenSees 
[26] is used to gather the information required to perform the PBEE evaluation. Beam and columns are 
modeled using fiber elements with rebar, confined and unconfined concrete. To avoid localization 
issues, the Constant Fracture Energy Criterion [27] is used with 180 /c

fG N mm=  and with concrete 
properties 28cf MPa= , 33.6ccf MPa= , 0.0019ce =  in the modified Kent-Scott-Park model. Reinforcing 
steel is modeled using 210sE GPa= , 420yf MPa= , 630uf MPa=  and an ultimate strain 0.14ue =  and the 
hysteretic material in OpenSees . The foundation is modeled as rigid, and gravity loads are calculated 
based on the expected loads and using the combination 1.05D + 0.25L. P-Delta effects are included with 
gravity loads are calculated based on the tributary area of the beams. Rayleigh damping is applied to the 
structure with 3% damping in the first and third modes. 

4.   The buildings’ seismic performance is assessed using PBEE methods. The performance of the traditional 
and the optimized building is compared in terms of the expected annual loss and the expected number of 
casualties. These calculations are carried out for each building considering residential and office 
occupancies.   
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4. Results for 10-story RC Frame building 

4.1 Traditional design  
The traditional building is designed using a three-dimensional model in ETABS v13.1.2. Columns of 
55cmx75cm with a reinforcement ratio of 1.18% satisfy the requirements of the design code at the building site. 
For the beams, sections of 35 x 40cm with reinforcement ratios of 0.93% for top reinforcement and 0.7% for 
bottom reinforcement were used for both directions. The building has 7 cm slab with joists of cross-section 12 x 
33cm in the X direction. The building design is assumed to be uniform over the height of the building to 
represent typical design and construction practice.  

4.2 Optimized design  
In order to calculate the dimensions for the optimized building, beam height and column dimensions are allowed 
to be in the range of [35,50] cm and [50,85] cm respectively. The optimized dimensions (in cm) obtained are 
shown in Table 1. These dimensions are rounded to multiples of 5cm to accommodate standard construction 
practices. Based on these dimensions, the building reinforcement is designed using ETABS.  

Compared to the traditional building, beam height is increased by 5 cm for the lowest four floors in the X 
direction and 10cm in the second and third floors in the Y direction, kept the same between the 5th and 8th floors 
and reduced by 5 cm at floors 9 to 10. As a result of these changes, the beam–column moment strength ratio in 
the bottom third of the building is increased compared to the traditional building. The volume of concrete in one 
frame of the optimized building has a 0.89% increase over the traditional building that results from rounding the 
dimensions obtained for the optimized design. In terms of longitudinal rebar, excluding splices, the optimized 
building requires 1.35% more steel than the traditional building. These differences can be considered negligible 
as they are within the error margins during construction. The period of the optimized building is 1.58s compared 
to the traditional building value of 1.80s. 

Table 1 - Dimensions of members for 10-story buildings (cm units) 

 Optimized building Traditional building 

 

Columns Beams   Columns Beams 

Story Inner Outer X Dir Y Dir Both Both 

10 50x60 50x60 35x35 35x35 55x75 35x40 

9 55x65 55x65 35x35 35x35 55x75 35x40 

8 55x70 55x70 35x40 35x40 55x75 35x40 

7 60x70 55x70 35x40 35x40 55x75 35x40 

5-6 60x75 55x75 35x40 35x40 55x75 35x40 

4 65x80 60x80 35x45 35x45 55x75 35x40 

3 70x80 65x80 35x45 35x50 55x75 35x40 

2 70x80 70x80 35x45 35x50 55x75 35x40 

1 70x85 70x80 35x45 35x45 55x75 35x40 

 

The completion of homogenization method for eigenfrequency optimization requires only 6 minutes on a 
laptop (Intel Core i5 with two cores at 1.6GHz), providing outstanding computational efficiency. For some 
perspective, running a reliability-based optimization or a deterministic-based optimization using genetic 
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algorithms for a 3-story steel moment frame building with approximately 21 elements takes about 1.5 weeks if 
the seismic performance is evaluated using incremental dynamic analysis, or about 12 hours if the structural 
response is approximated using the SPO2IDA procedure [7]. 

4.3. Performance evaluation of optimized versus traditional building 

The performance evaluation is carried out using the results of the Nonlinear Analysis at the different intensity 
levels, with the aid of the web-based software SP3, a tool developed by the Haselton-Baker Risk Group [29], 
which takes the FEMA P-58  methods and fragility and population model library as its foundation. Ground 
motion intensity is quantified by Sa(T1=1.7s) where a period of 1.7s is approximately between the period for the 
traditional building (1.80s) and the optimized building (1.58s).  

4.3.1. Structural Responses 
This structural analysis is carried out at eight different intensity levels.  The spectral acceleration at the 
fundamental period of the building is used as an intensity measure. For this purpose, the 44 ground motion suite 
of FEMA P-695 [28] was selected and each ground motion component was scaled such that its Sa matched eight 
different intensity levels at {0.5, 1.0, 1.5, 2.0, 2.5, 3.0, 4.0, 5.0}SaD. Here, SaD denotes the spectral design 
acceleration at the fundamental period of the building. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 1 - Median of maximum story drift response for the 10-story buildings: (a) traditional building X-dir, (b) 

optimized building X-dir, (c) traditional building Y-dir, and (d) optimized building Y-dir. 

             (a)                                                    (b) 

             (c)                                                    (d) 
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For each ground motion at each intensity level, the story drift, the story displacements and floor 
accelerations were recorded, producing stripes of response at each intensity level. For those ground motions 
where no collapse is observed, the median of maximum drift at each story are calculated for both buildings and 
shown in Figure 1. The behavior of both buildings is as expected, with the optimized building having a more 
uniform distribution of drift along its height, while in the traditional building, the drift is concentrated more in 
the lower stories and decreases for the topmost stories. In addition, the story drifts for the optimized building are 
notably smaller than the traditional one in the first three stories, which is critical because these stories have an 
important role in the overall structural stability. 

4.3.2. Collapse Fragility 
Collapse is considered to occur when the story drift exceeds 10% [30] in any story of the building, indicating 
sidesway collapse. Sidesway is the expected collapse mode because capacity design and detailing requirements 
prevent column shear failure and other brittle failure modes. The probability of collapse is calculated at each 
intensity measure as the ratio of the number of collapsed records divided by the total number of records (i.e., 44). 
The results for both buildings are fitted to a lognormal distribution using the maximum likelihood method [31] 
and shown in Figure 2. 

From the collapse fragility results, several conclusions can be drawn. First, for values of Sa up to 1.5 DSa (i.e., 
1.5 times the building design acceleration or the MCE level) for both buildings have the similar probabilities of 
collapse. This similarity can be explained by the fact that both buildings were designed according to code 
regulations and they are expected to show good performance at these levels. However, as the intensity level 
increases, the optimized building has a significantly smaller probability of collapse than the traditional building. 
This response is due to the more distributed deformations over the height of the optimized as compared to the 
traditional building. For values of Sa with high values of collapse probabilities, the difference between the two 
buildings becomes narrower, but these levels of ground shaking intensity are rare. 

  

 

 

 

 

 

 

 

 

 
 
 
 
 
 

Figure 2 - Comparison collapse fragility functions for 10-story buildings. 

4.3.3. Loss Estimation 
 

Expected annual losses are calculated according to FEMA P-58 using the SP3 tool, and considering both 
structural (beams and columns) and nonstructural (e.g. partitions, plumbing, paint, etc.). For the optimized 
building, the losses are $50,801.35 (per year) and for the traditional building the losses are $51,716 (per year), 
which for both buildings corresponds to approximately 0.46% of the building replacement cost. These 
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annualized losses are similar to those reported by Ramirez for [32] for RC MRF between 0.5% and 1.2% as a 
percent of replacement cost. 

 Although the expected annual losses are similar, the contributions of building components to losses are 
different between the traditional and optimized buildings. Figure 3  shows that the main sources of losses for 
both buildings are the losses due to collapse, the residual drift irreparability trigger, structural components and 
partition walls. In the traditional building, the aggregate effect of collapse and residual drift accounts for 36% of 
the total loss, whereas in the optimized building this contribution is 27%. In constrast, losses that result from 
damage of structural components and partition walls represent 55% of the total loss of the traditional building, 
while in the optimized building their contribution to total losses is 63%. This difference is explained by the more 
uniform distribution of the interstory drift in the optimized building, which results in an overall greater number 
of components being damaged but a smaller propensity towards collapse. 

Table 2 – Contributions to expected annual losses for 10-story buildings 

 
Traditional Optimized 

Collapse 13% 9% 
Residual drift 23% 18% 
Structural components 25% 28% 
Partition walls 30% 35% 
Exterior cladding 2.1% 2.6% 
Interior finishes 4.4% 4.8% 
Plumbing 0.7% 0.7% 
Other 1.8% 1.7% 

 

4.3.4. Casualties 
The expected number of casualties is calculated considering two different occupancies and summarized in Table 
3. The optimized building has a significantly lower number of expected casualties for both occupancy cases. 
Moreover, the percent difference is larger for those intensity levels with a larger probability of occurrence and 
which are more relevant from a practical perspective  

Table 3 – Expected casualties for 10-story buildings 

  Office Residential 
IM Level Traditional Optimized Traditional Optimized 

0.5Sa 0 0 0 0 
1.0Sa 0 0 0 0 
1.5Sa 0.3 0 0.4 0.1 
2.0Sa 0.9 0.1 2.2 0.6 
2.5Sa 2.6 1.1 5.8 2.3 
3.0Sa 4.4 2.4 11.1 5.9 
4.0Sa 9.1 6.5 23 16.6 
5.0Sa 14.1 11.7 32.5 27.1 

 

5. Conclusions 
In this study, the PBEE framework has been used assess the effectiveness of a seismic optimization approach 
based on eigenfrequency. The performance of an optimized 10-story RC moment frame building is compared to 
traditional (non-optimized) one, and the results can be summarized in terms of the seismic behavior and its 
consequences.  
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Compared to a traditional building wherein all stories have the same dimensions for columns and beams, 
structural design is changed as a result of the optimization. In the bottom floors, optimized building has larger 
column dimensions that result in an increase of up to 20% in the cross section area in the first story. Similarly, 
beam height is slightly increased. As the result of these changes, beam-column strength ratios are increased at 
the lower stories of the optimized building. These dimensions are gradually reduced for the upper stories, and in 
the topmost floors, the optimized building have columns with smaller cross-sections and beam height is reduced 
by 5 cm relative to the traditional building. 

In terms of the seismic response, the optimized building has a more even distribution of the interstory drift 
along the building height, as opposed to the traditional building, where major drift concentrations are observed in 
the bottom stories. In addition, at the same level of spectral acceleration, the interstory drift for the bottom third 
of the optimized building is significantly smaller than the traditional one. 

As a consequence of their seismic response characteristics, the collapse fragility of the optimized building is 
improved compared to the traditional buildings. For spectral acceleration up to 1.5 times the design acceleration, 
the optimized building and the traditional building have similar collapse probabilities; however, as the 
acceleration is increased between 1.5 and 3 times the design acceleration, the collapse probability of the 
optimized building is significantly smaller than the probability of the traditional one, with absolute reductions 
that can go up to 15% for the 10-story building.  

Both types of buildings have similar annual expected losses from seismic damage. However, due to the 
interstory drift uniformity, the structural components and partition walls have a greater contribution to losses in 
the optimized building. On the other hand, as a consequence of its higher collapse fragility, the traditional 
building has bigger losses associated to the building collapse. 

All things considered, the optimized building provides significant advantages over the traditional 
buildings demonstrating the potential advantages of maximizing the natural frequency of the building in the 
design process. The optimization procedure provides an improved seismic behavior that is reflected in an 
improved collapse fragility function and lower number of casualties. Remarkably, these improvements are 
achieved while maintaining the same material quantities (construction costs) and similar levels of annual seismic 
expected losses. 

6. Copyrights 
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