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Abstract 

This research studies the effectiveness of a tuned mass damper (TMD) to balance the structural damage on 
asymmetric nonlinear structures subjected to a unidirectional seismic movement. Using the statistical and 
equivalent linearization technique, a model with three resistant planes with nonlinear behavior (oriented in the 
direction of the seismic movement) has been analyzed with a linear TMD. The nonlinear constitutive law of each 
resistant plane is represented by a Bouc-Wen element. The hysteretic energy of each plane normalized with 
respect to a symmetric structure without TMD is used as damage index, and it is equaled on the three planes to 
balance the damage over the asymmetric system. The design parameters of the TMD are obtained by equaling 
the hysteretic energy on the three planes. The results show that optimum response of the structure with TMD is 
very sensitive both to the frequency and the device position, and not to the damping of the TMD. In the case of 
structures subjected to an input of broad-bandwidth, the TMD tends to synchronize with the equivalent 
uncontrolled linear frequency, where dominates the deformation at the edge of maximum response. In contrast, 
for an excitation of narrow-bandwidth the optimum frequency of the TMD synchronizes with the dominant 
frequency of the excitation. Moreover, in broad-bandwidth processes, the TMD optimal location is over the edge 
with larger deformations under the uncontrolled condition, while for long period structures subjected to narrow-
bandwidth excitations, the TMD locates on the rigid edge. These positions are coincident with the edge where 
the most damaged plane is located, without TMD. In the case of broad-bandwidth processes balance of damage 
can only be achieved with low values of eccentricity (on average ), which is coincident with the 
position threshold condition of TMD within the floor section. Besides, in broad-bandwidth processes, as the 
inelastic incursion increases, the optimum frequency of the TMD decreases, while for narrow-bandwidth 
processes the TMD tunes the predominant frequency of the input, independently of the level of nonlinearity of 
the structure. Also, results suggest that increasing the nonlinearity level of the structure, the damage is 
simultaneously reached for a wide range of eccentricities. In general, the condition of uniform distribution of the 
damage normalized with respect to the symmetric system does not lead to a uniform reduction regarding the 
asymmetric system without TMD, being both the damage and the inelastic deformations lower over the plane 
closest to the location of the damper, thus producing an amplification in the rest of planes. Finally, the results 
show that for structures with decoupled torsional frequency ratio equal to 1, a natural balance of the reduction of 
hysteretic energy and the deformations with respect to the asymmetric system without TMD take place.  
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1. Introduction 

Tuned Mass Dampers (TMDs) are devices used to control vibrations in structures. A TMD consists on a secondary 
mass connected with the main system using a spring and a damper, which dissipate the vibratory energy through 
relative displacement between the main system and the device. Their effectiveness in vibrations control caused by 
wind and low-intensity seismic movements is widely accepted [1-3]. However, their performance under high seismic 
loads heavily depends on the seismic movement characteristics [4].  

Previous researches considered the main system as an elastic system, although advances in structural design 
techniques have established the need to extend research about structures with non-linear behavior. This is because 
structures are designed to be damaged by high-intensity seismic events. In this context, several researchers [5-8] have 
studied the behavior of symmetric and inelastic structures with a linear TMD. The purpose of these researches was to 
improve the response of the main structure subjected to a seismic event, although different parameters can be used to 
measure the effectiveness of a TMD. The most commonly used criteria are based on theoretical damage indexes, 
which establish the damage of a structure using a balance between maximum deformation of structural element and 
dissipated hysteretic energy. In general, these results show that TMD can slightly reduce the structure displacement 
peak after creep, but it can also significantly reduce damage of the structure through dissipated hysteretic energy. 
Moreover, above mentioned structures considered a symmetric main structure, that is, the center of mass of the 
structure coincides with the center of stiffness of the structure. However, this criterion does not match with structural 
design practices where usually asymmetric structures are built as result of architectural or economic considerations.  

In this context, first study carried out concerning this issue [9] concluded that effectiveness of Multiple Tuned 
Mass Dampers (MTMDs) to control lateral response of torsionally coupled systems decreases with the degree of 
asymmetry.  Based on this study, several researches have been carried out with the objective of measuring 
effectiveness of TMDs on multi-storey [9-12] or one-floor [8, 11, 12, 14] buildings. In short, design parameters of 
TMDs for asymmetric structures considered in these studies were the following: optimal location, optimal frequency 
and optimal damping. These parameters arise as a result of minimizing different objective functions, such as: ratio 
between displacement root mean square and rotation of the system with TMD compared with the system without 
TMD [9], ratio between square mean of the displacement response in controlled mode of buildings with and without 
TMD [10] or a particular response of the structure like floor accelerations, inter-story drifts and base shear, amongst 
others [11, 12, 14].  

Additionally, another criteria to torsional control of structures is torsional balance [13, 15-17]. This concept 
establishes that reducing lateral and torsional displacements together with the correlation degree between them is 
necessary. This is achieved by equalizing deformation demand of structure edges. Most of researches about 
asymmetric structures have been carried out to study main linear systems, meanwhile the study about non-linear 
structures has been focused on torsional balance concept [13,17]. Thus, the ability of TMD devices to decrease 
damage of asymmetric structures with non-linear behavior reducing the hysteretic energy dissipated by structural 
elements has not been studied nowadays.  

For all these reasons, the objective of this work is to analyze the ability of a TMD to balance the damage of an 
asymmetric structure with non-linear behavior against a seismic event, considering this balance of damage as the 
equality of hysteretic energy dissipated by the structural elements. With this purpose, optimal parameters of TMD 
have been determined based on the damage balance optimization criterion. To do this, a structural model subjected to 
a broad-band process (BBP) that corresponds to an accelerogram compatible with the Chilean Standard NCh 2745 for 
firm soil, and to a narrow-band process (NBP) correspondent with the 1985 Mexico DF earthquake recorded in North-
South direction, has been used. Hence, a parametric analysis on three variables has been carried out: (1) eccentricity of 
the structure, (2) reduction factor and (3) ratio of torsional frequency. Finally, last part of the study analyzes the 
influence of TMD on the dissipated energy and on the deformation demand of structure edges comparing the 
asymmetric structure with and without TMD. 
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2. Structural model and equations of motion 

A one-storey mono-symmetric structural model subjected to a one-directional seismic load has been considered in this 
research. This model has three nonlinear resisting planes located in the seismic input direction (see Fig. 1). Side length 
ratio is , where the Geometric Center (CR) is coincident with the Center of Stiffness (CS), and the 
Center of Mass (CM) is located at a distance  from CR. 

 

 
Fig. 1. Mono-symmetric structural model used in the study. 

 

Non-linear behavior of each resisting plane is represented by a Bouc-Wen element. Therefore, the 
equations of motion of the system can be written as: 

 

 1) 

 

    2) 

 

      3) 

 

where  is the degrees of freedom vector of the system;  is the lateral 
displacement of CR in the Y direction;  is the rotation of the floor;  is the TMD displacement with 
respect to ground;  is the incidence vector of the seismic input;  is the mass matrix of the 
main structure;  is the translational mass and  is the floor radius of gyration;  is the 
damping matrix assuming a constant damping ratio of ; and finally,  is the structural eccentricity 
defined as the distance between CR and CM.  

Regarding to Bouc-Wen model,  corresponds to the hysteretic variable;  and  are the hysteretic 
model parameters; and  and  are the force and creep displacement of resisting planes, respectively. 
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(5) 

3. Seismic excitation 

Ground motion as a limited bandwidth stationary random process has been considered to the development of this 
study. Fig. 2(a) represents a broad-band random process compatible with the Chilean Standard NCh 2745 for 
type 2 of firm soil. Moreover, Fig. 2(b) presents a narrow-band process obtained from the 1985 Mexico DF 
earthquake recorded in the North-South direction. In both cases, the power spectral density (PSD), , 
adjusted to the modified Kanai-Tajimi filter is defined according to Eq. (6): 

 
(6) 

 

where , , ,  and are the parameters adjusted by the least-squares method.  
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Fig. 2. Seismic excitations considered: (a) broad-band process compatible with Chilean Standard NCh 
2745 for type 2 soil, and (b) narrow-band process registered from 1985 Mexico DF earthquake (SCT). 
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n used to solve the non-linear differential equations of motion. This method transforms the system with non-
linear hysteretic behavior in a linear system replacing Eq. (5) by a linear equation: 

 

 (7) 

 

where  and  are coefficients dependent on the covariance matrix : 

 

      (8) 

 

where  and  are  and  standard deviations, respectively; and  is cross-covariance between  and . 

Besides, covariance matrix  associated to vector  can be calculated as: 

 

 
(9) 

 

where  represents the expected value of the process considering that  is the frequency response 
matrix and  its conjugated-transpose matrix.  

As it can be concluded, equivalent linearization is an iterative process, because it is necessary to know  and 
 to calculate the covariance matrix, and these coefficients also depend on the standard deviations  and . 

 

5. Balance of damage 

As was mentioned in the introduction section, main objective of this work is to balance the damage of a non-
linear asymmetric structure by means of a TMD, evaluating damage trough the hysteretic energy dissipated by 
the resisting planes. Therefore, once the covariance matrix is calculated, damage of the resisting planes can be 
determined using Eq. (10), which calculates average value of the dissipated energy by each plane, 

 

 
(1

0) 

 

where T is the duration of the excitation process considered. This is calculated for the three resisting planes of 
the structure, obtaining the vector that represents the energy dissipated by the structure . 

 

 

(11) 
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Finally, the optimization problem consists on equaling the energy dissipated by the planes, which can be 
achieved maximizing the dissipated energy vector of the structure, by minimizing the damage functional (J) 
through TMD parameters. 

 

Minimize: = Max (F)    s/a     (1
2) 

           0>tω     

6. Results and discussion 

A sensitivity analysis of TMD parameters at the structure response was carried out. To do this, Fig. 3 shows 
contour lines of the damage functional for model structure with parameters  , , , 

, , ,  and  subjected to a broad-band process. The 
upper row shows contour lines for , middle row for  and the lower row for . In 
this Figure, it can be observed that optimal solution is very sensitive both to the frequency and the device 
position, but not to the damping factor. Due to that, a constant value of damping was assumed, .  

 

 
Fig. 3. Contour lines of the functional J for the structure subjected to a BBP 

( , , , , , ,  and 
) 

 

Additionally, Fig. 4 and Fig. 5 present optimum position of TMD. Fig. 4 shows the results of the model 
with parameters  , , , ,  and , 
subjected to broad-band and narrow-band processes. The upper row shows the results obtained for the optimum 
frequency of TMD normalized with respect to  and the equivalent linear natural frequencies of the structure 
without TMD.  The lower row presents the optimum position of TMD normalized with respect to width, 

. It can be appreciated that in the case of BBPs the optimum frequency tends to tune with linear 
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equivalent frequencies associated to the predominant mode. In contrast, in the case of NBPs the optimum 
frequency of TMD tends to tune with the dominant frequency of the seismic input, that is , 
where the excitation energy concentrates. Regarding the optimum position, it can be observed that in the case of 
torsionally flexible structures TMD tends to locate at the rigid edge, while in the case of torsionally rigid 
structures optimum position locates at the flexible edge.  

 
(a) 

 
(b) 

Fig. 4. Frequency and optimum position of TMD: (a) BBP and (b) NBP. Structure model ( , 
, , ,  and ). 

Additionally, Fig. 5 shows the results of the model with parameters , 
, ,  and , subjected to broad-band and 

narrow-band processes. In this Figure, results are presented as a function of the reduction factor. As it happened 
before, in the case of BBP optimum frequency tends to tune with the uncontrolled linear equivalent frequency. 
However, with a higher reduction factor, minimum decrease of the TMD optimum frequency can be observed.  
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(a) 

 
(b) 

Fig. 5. Frequency and optimum position of TMD (a) BBP and (b) NBP. Structure model ( , 
, , ,  and ). 

 

Moreover, Fig. 6 presents hysteretic energy dissipated by the structure and the variance of the edge 
deformation of the structure with and without TMD normalized with respect to the symmetric structure, in the 
case of the model structure with parameters , , , ,  and 

, and subjected to BBP and NBP. The upper row shows the results of the dissipated 
symmetric hysteretic energy and the lower row shows the variance of the edge deformation. It can be appreciated 
in these Figures that in the case of torsionally stiff and flexible structures TMD achieves to balance damage of 
the structure for small eccentricity values both in BBP and NBP. It also achieves to equate the variance of the 
edge deformation. In contrast, in torsionally hybrid structures the damage balance can be achieved with wider 
ranges of eccentricity specially when subjected to NBP. 
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(a) 

 
(b) 

Fig. 6. Energy and variance of normalized edge deformations: (a) BBP and (b) NBP. Structure model 
( , , , ,  and ). 

 

Finally, Fig. 7 presents ratios of energy and variance of the edge deformation of the structure with TMD 
vs the structure without TMD, for the model structure with parameters , , 

, ,  and , subjected to BBP and NBP. The upper row shows energy 
ratio and lower row shows variance of edge deformation ratio. It can be seen that TMD achieves to reduce both 
the dissipated energy and the variance of deformation of its nearest plane. In contrast, the opposite plane 
undergoes an increase of these values. 
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(a) 

 
(b) 

Fig. 7. Ratios of energy and variance of edge deformations ( ) (a) BBP and (b) NBP. Structure 
model ( , , ,   ,  and ). 

 

7. Conclusions 

Based on the main results obtained from this research, the following conclusions have been extracted: 

1. In the case of BBP, TMD tends to tune with the uncontrolled equivalent linear frequency associated to the 
predominant mode, while in the case of NBP, optimum frequency of TMD tends to tune with the 
dominant frequency of the seismic excitation. 

2. The optimum position of TMD tends to locate at the edge with the highest damage in the case of the 
structure without TMD. 

3. The optimum response of the structure without TMD is very sensitive both to the frequency and the device 
position, but not to the damping factor of the TMD. 
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4. Damage can be balanced in resisting planes of the structure only in the case of low eccentricity values (on 
average  , until the TMD position reaches the edge of the floor. 

5. In the case of BBPs, the higher the non-linearity degree (higher reduction factor), the lower the optimum 
frequency of the TMD. In contrast, in the case of NBP the optimum frequency is independent of the non-
linearity degree. 

6. The implementation of an optimum TMD in a structure reduces the dissipated energy in the plane where 
the TMD is located, reaching a reduction of up to 20% in the case of BBP processes ( ,  

 and 40% for NBP processes ( , .  
7. An optimal TMD in a structure produces an amplification of the energy ratio on the plane located farthest 

from the TMD of up to 30% for BBP processes ( ,  and of up to 250% for NBP 
processes ( ,  . 

8. The optimum TMD also produces a reduction of the edge deformation in the plane where the TMD is 
located of up to 40% for BBP processes ( ,   and of up to 75% for NBP processes 
( ,  .  

9. In structures with an optimum TMD, an amplification of the edge deformation in the plane located farthest 
from the TMD can be produced, reaching values of up to 40% for BBP processes ( ,  

 and of up to 250% for NBP processes ( ,  . 
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