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Abstract

In the Chilean earthquake in 1960, survival of several slender tall structures was attributed to their ability to respond in a
rocking mode when experiencing the ground motion. Three years later, Housner developed a simple rocking model (SRM)
to analytically explain the stability induced by rocking. The SRM was based on a planar rigid block pivoting on a rigid base
about its bottom corners with the only source of damping being the impact energy loss. Since then, researchers have
compared the SRM with experimental results of several geometrically different free-standing blocks. Their findings
indicated that the SRM consistently overestimates the impact energy loss. Recognizing that the actual pivot point of a planar
rocking block resides within its contact length with the base, this issue is addressed in this paper by accordingly modifying
the SRM formulas. Comparisons with experimental data show that the proposed method significantly improves correlation
to the measured coefficient of restitution (i.e., damping due to impact) compared to Housner’s model.
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1. Introduction

To explain the stable response experienced by “golf-ball-on-a-tee” type of structures during the Chilean
earthquake in 1960, Housner investigated their dynamic motion characteristics analytically using a simple
rocking model (SRM) [1]. As shown in Fig. 1, the SRM portrayed a rigid rectangular block pivoting on a rigid
base about its bottom corner (i.e., point O or O"). When 8 > 0, the block exhibits planar rocking motion, and
when 8 — 0, it impacts with the base. During an impact, part of its kinetic energy is dissipated and the energy
loss is expressed using a coefficient of restitution (COR) term. Housner computed the COR corresponding to a
rocking impact assuming conservation of angular momentum to hold between the moments just before and just
after impact. Accordingly, the COR is computed as follows:

= [%} - [1— 'V:RZ (1—cos(2a))} (1)

whered, and ¢,are the block angular velocities just after and just before impact, respectively; M denotes the

block mass; R is the lever arm connecting its center of gravity with the pivot point; a is the angle characterizing
the block slenderness, as shown in Fig. 1; and | is the mass moment of inertia of the block with respect to its

pivot point.

&

Fig. 1 — A free-standing rocking block as described by Housner (1963).

In case of a rectangular block, Eq. 1 can be simplified to Eq. 2 using || = g MR?.

. :{1+3czs(2a)}2 @)

The accuracy of Egs. 1 and 2 has been tested by several researchers using experiments of rocking blocks
of various dimensions and different materials for the rocking block and base. Their experimentally obtained r
values are compared with the SRM estimates in Table 1. The table shows Egs. 1 and 2 to consistently
underestimate the experimental values, while the differences between experiments and theory decrease with
increase in the block slenderness ratio, h/b. Moreover, comparisons of tests from different researchers reveal that
blocks with identical slenderness can exhibit discrepancies in r (e.g., experiment 22 versus 2° and 4% versus 49);
these disagreements may be associated with the use of different interface materials, or errors induced in
sampling of experimental data. Nevertheless, as seen in the far right hand column of Table 1, the theoretical
estimates are in all comparisons lower than the experimental records except for the most slender block (i.e.,
when h/b = 8.33).
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Table 1 — Comparison of experimental r values and estimates by the SRM.

Slenderness ratio, h/b Block & base materials rsrm Fexperiment Fexperiment / T'srm
28 Wood & steel 0.49 0.62 1.27
2° Concrete & aluminum 0.49 0.76 1.55

2.85° Granite & granite 0.70 0.86 1.23
3 Wood & steel 0.72 0.77 1.07
42 Wood & steel 0.83 0.88 1.06
4° Concrete & steel 0.83 0.86 1.03
4° Granite & granite 0.83 0.88 1.05
4f Wood & aluminum 0.83 0.90 1.09
49 Steel & steel 0.83 0.85 1.03

4.33¢ Steel & wood 0.89 0.92 1.04

5.88° Granite & granite 0.92 0.95 1.03

8.33° Granite & granite 0.96 0.96 1.00

30gawa [2], PPriestley et al. [3], Aslam et al. [4], “Muto et al. [5], ®Pefia et al. [6], TFielder et al. [7],
and SLipscombe [8].

To improve estimation of r of rocking blocks, this study modifies the SRM formulas based on new
experiments, which suggest that locations of pivot points just before and just after impact are away from the
bottom corner. With an improved location for the pivot points, this paper introduces modified formulas
(designated as MSRM) to obtain more accurate r values. This approach is then verified using the above-
referenced tests, and comparisons with new test data of free-standing and controlled rocking blocks. Based on
these comparisons, the MSRM is shown to significantly reduce the error between theoretical and experimental
estimates.

2. Modified SRM formulas

In contrast to the SRM assumption of a rigid block having a single contact point with the base, recent findings
have indicated that an actual rocking member establishes contact with its base over a finite length [9, 10, and
11]. Assuming that rotation occurs with respect to a point within the contact length, a different formulation for
the coefficient of restitution is developed. Accordingly, the rotation centers just before and just after impact are

located at some distance b from the centerline of the block, as shown in Fig. 2. Using Housner’s assumption of
conservation of angular momentum during an impact, an improved formula for r is derived based on this rocking
configuration. The MSRM formula, as detailed in Eq. 3, depends on parameter k, which is equal tob /b .

MR o ?
1+ 1-(sina) (1+k2)
r = Icm ( ) (3)

2

R (1—(sin a)’(1- kz))

cm

2

1+

where |, denotes the mass moment of inertia of the rocking member about its center of mass. Note that

whenk =1and by substituting |, =1, +MR?, Eq. 3 reduces to Eq. 2. For rectangular blocks, Eq. 3 can be
simplified to Eq. 4.
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r:[4—3(sin a)’ (1+k2)]2 (4)

CG

'

ﬁ(“ -
/i
A
ﬂ"‘ }R\ |

/ | \ ;

/ | \\ !

/an D\
— e e
O—=b b =

Fig. 2 — Rocking block at & — 0 with its rotation centers just before and just after impact located within the
block’s contact length with the base; whereb =kband 0 <k <1.

3. Experimental estimation of parameter k

Test setup

Experimental data of three free-standing concrete rocking blocks were used to estimate an appropriate k value,
based on the locations of their rotation centers just before and just after impact. The three units are presented in
Fig. 3 and include: a) a reinforced concrete square column with an added mass block with planar dimensions of
127 x 30.48 (width x height) cm? having its CG at 59.69 cm below the column’s top face; b) the square concrete
column with no added mass (Members 1a and 1b); and c) a reinforced concrete rectangular wall (Member 2).
Properties related to the rocking behavior of the three members are presented in Table 2.

A

a) Member 1 (b) Member 1b ( Member 2

Fig. 3 — The three rocking units of the experimental investigation.

Table 2 — Properties of the three rocking concrete members.

Rocking member M, kg R, cm *o Zcg,cm  **p, rad/s

la 1,611.2 1015 0.18 99.95 2.86
1b 542.9 856 0.21 83.82 2.93
2 963.2 1264 029 121.28 241

*a is estimated with respect to the Zcg, which represents the height of the mass center.
**p denotes the dynamic parameter of a rocking block that is equal to ,/MgR / I, -
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All three members were excited in free vibration at three levels of initial top lateral drift (ITLD): 1%, 2%
and 3%. Instrumentation for these tests included a series of light emitting diodes (LED), as shown in Fig. 4.
More details on the test procedure are available in Kalliontzis and Sritharan [11] and Kalliontzis et al. [12].
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Fig. 4 — Reinforcement details and placement of LED sensors for Members 1a and 2. Similar details were used
for Member 1b.

Estimating k

Experimental data from the aforementioned investigation is used to compute the rotation center locations just
before and just after impact. This is done by assuming that an impact phase starts at the incipient instant of
impulsive action, which is recorded in the experiments, and ends at its termination. As shown in Fig. 5, the
impulsive response due to impact can be clearly found in the experimental linear acceleration data series.
Showing this data for Members 1a and 2 for six consecutive impacts, the figure exemplifies how the moments
just before and just after impact were selected.
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Fig. 5 — Experimental linear accelerations and points indicating the moments just before and just after impact;
where Imp denotes impact.
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Next, the correct rotation center for a chosen time instant is determined as the point at the rocking base
that produces the closest agreement among the angular velocities calculated for all LED sensors of each member.
Fig. 6 presents these estimates for the previously shown impacts of Members la and 2, along with the
corresponding points indicating the rotation center locations just before and just after impact (i.e., marked with
bold circles). The figure reveals that the rotation center of a rocking member remains relatively constant at one
side of its base before impact. Approaching an impact, it quickly migrates toward the opposite side, and once the
impact phase ends, it stabilizes to a new position.
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Fig. 6 — Rotation center motion along the member base before and after impact along with points indicating
rotation centers just before and just after impact.

Using the information in Fig. 6, k values of the experimentally established rotation centers just before and
just after impact are computed and presented in Table 3. The table shows that there is no significant variation
between the three members regarding their experimental average k values. Therefore, for practical purposes,
selecting a constant k to be equal to the average of all k values shown in this table is considered to be an
adequate approximation. Accordingly, the computed k = 0.72 and the corresponding rotation center locations are
included in Fig. 6 using horizontal dashed lines, as shown.

Table 3 — k values obtained from experimental results, where N and S denote the north and south member sides.

k value

Rocking 1% 2" 3 4" 5t 6"  Experimental

member  Imp Imp Imp Imp Imp Imp Average

la, N 0.723 0.737 0.790 0.718 0.687 0.502 0.693

1la,S 0.714 0.670 0.834 0.714 0.705 0.647 0.714

1b,N 0.721 0.676 0.766 0.813 0.594 0.703 0.712

1b,S 0.644 0.623 0.705 0.546 0.826 0.666 0.668

2,N 0916 0.792 0973 0.728 0.698 0.610 0.786

2,S 0.647 0.876 0.709 0.850 0.679 0.722 0.747
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4. Experimental Verification

Past data of free-standing rocking members

Fig. 7 presents comparisons between Eqg. 2 by the SRM, Eqg. 4 by the MSRM with k = 0.72, and the experimental
data reported in Table 1. Comparing the two models, their estimates increasingly deviate with decrease in
slenderness ratio. For the range of slenderness ratios tested by previous researchers, a better representation of the
experimental trend is achieved by the MSRM, which significantly reduces the error difference between
theoretical estimates and the recorded r values. For example, the largest error difference of about 55%, estimated
using the SRM for the test by Priestley et al., is reduced to 9% using the MSRM, while, an error of about 23%
for the test by Pena et al. with h/b = 2.85 decreases to 3.4%.
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Fig. 7 — Comparison of past experiments with theoretical estimates by the SRM and MSRM with k = 0.72.

New data of free-standing rocking members

The experimental r values computed for the above-described three rocking members are plotted with respect to
the approaching impact angular velocities for both the positive and negative directions in Fig. 8. Included in this
figure are the theoretical estimates by the SRM and MSRM with k = 0.72. The figure shows the experimental
values to fluctuate closely to the theoretical estimates by the MSRM. While, some data scatter is shown to occur
for the lower velocity levels due to either noise effects in the velocity data, or imperfections in the rocking
members. Nevertheless, no apparent deviation in r with respect to the ITLD can be observed in Fig. 8 and this
becomes clearer in Table 4, showing similar average r values regardless of ITLD (i.e., 1%, 2%, and 3%) for
each of the three rocking members.
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Fig. 8 — Comparison of new experiments with theoretical estimates by the SRM and MSRM with k = 0.72.
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Table 4 — Experimental average r values with respect to the ITLD.

Rocking member 1% 2% 3%
la 0.95 0.95 0.95
1b 0.92 0.93 0.93
2 0.86 0.87 0.86

Next, all points reported in Fig. 8 are used to compute the overall average values of r and provide their
comparisons with the theoretical predictions in Table 5 (where the latter values are designated as rsrm and rmsrm
for the SRM and MSRM, respectively). The table also includes the corresponding standard deviations, o,
coefficients of variation, Cy, and number of rocking impacts recorded for each member. Overall, the MSRM
predictions agree well with the experimental means, while the SRM estimates are 6 to 11% lower than these
values.

Table 5 — Experimental overall average r values and related measurements with respect to theoretical predictions

Rocking ) Experimental
# of impacts o Cy srm Fexp/V'sRM 'MsrRM Fexp/FMSRM
member Average r
la 256* 0.95 0.019 0.020 0.90 1.06 0.95 1.00
1b 135 0.93 0.029 0.032 0.88 1.06 0.93 1.00
2 139 0.86 0.047 0.055 0.78 111 0.88 0.98

*Member 1la was subjected to a larger number of tests than the other members.

New data of controlled rocking members

In addition to free-standing member tests, this investigation used Members 1a and 2 to conduct free vibration
tests of controlled rocking response. Accordingly, the two members were anchored to the foundation using an
unbonded seven-wire tendon of 15.2 mm diameter (270 Grade) with an unbonded length of about 2.1 m and 2.8
m, respectively. Next, several tests were conducted with the tendon being post-tensioned to different force
levels. Their values, as recorded from a load cell placed on top of the member, are presented in Table 6. A test
setup similar to the free-standing member tests was used with ITLDs of 1 to 3% [11].

Table 6 — Initial post-tensioning forces (Fer) used for the two rocking members.

Rocking member Fer, kKN
la 0 222 1245 24.46 40.03 48.04
b 0 17.8

The experimentally computed r values are presented in Figs. 9-10 for all cases in Table 6 and compared
with the theoretical estimates by the SRM and MSRM using k = 0.72. Similar to observations made in Fig. 8, the
experimental data is shown to slightly fluctuate within a short range of values with the MSRM better capturing
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their r values compared to the SRM. This is confirmed in Table 7, which presents the mean r values of all

controlled rocking tests. Based on these estimates, the MSRM well represents the average impact energy loss in
the two controlled rocking members.
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Fig. 9 — Comparison of controlled rocking tests of Member 1a with theoretical estimates by the SRM and
MSRM using k = 0.72.
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Fig. 10 — Comparison of controlled rocking tests of Member 2 with theoretical estimates by the SRM and
MSRM using k = 0.72.
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Table 7 — Average r values of controlled rocking tests compared with theoretical predictions by the MSRM

&

using k =0.72.
Fer, KN I'srRm I'MSRM Average rexp
0 0.90 0.95 0.95
2.22 0.90 0.95 0.95
12.45 0.90 0.95 0.95
Member la
24.46 0.90 0.95 0.94
40.03 0.90 0.95 0.95
48.04 0.90 0.95 0.95
0 0.78 0.88 0.88
Member 2
17.8 0.78 0.88 0.88

5. Conclusions

This paper revisited Housner’s model of r and used past data of free-standing rocking blocks to evaluate its
accuracy. This model has been reported to consistently underestimate the experimental records with their error
difference increasing with decrease in slenderness ratio and the maximum error being as high as 55% in a test
with h/b = 2. With a goal of improving modelling of r, a more realistic rocking configuration was assumed
where a block rotates with respect to points that are away from its bottom corners. Estimates of the locations of
these points were obtained experimentally based on new data from free vibration rocking tests of three free-
standing concrete members.

Using these estimates and by following the conservation of angular momentum assumption made by
Housner, modified formulas of r were derived (MSRM). The MSRM was then verified using data from three test
sets, which included: a) the aforementioned past records of free-standing rocking blocks; b) the new records of
three free-standing concrete rocking members; and c) new controlled rocking experiments, which used two of
the latter members supplemented with an unbonded post-tensioning tendon and subjected to various initial force
levels.

The MSRM improved comparisons with past tests having their maximum error difference decreased to
9%. New tests showed that r tends to vary within a short range of values for a given rocking member. The SRM
was found to consistently underestimate these values in most cases. On the other hand, the MSRM effectively
captured the experimental behavior, as it agreed well with the experimental r means in all of the free-standing
and controlled rocking tests.
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