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Abstract 
To date, earthquakes have been represented trough functions based on random vibrations without representative results of 
the phenomena. To that purpose, a mathematical procedure is proposed, which is the result of a series of “sawtooth” 
functions that allows to simulate any given earthquake ground acceleration record that represents the phenomena, and 
allows us to determine and modify the characteristic parameters and evaluate future events. 

On the other hand, the displacements and ground acceleration are spread through the structure from the ground to the top, 
generating displacements and accelerations in the intermediate levels. This is, if the structure stiffness were infinite, the 
acceleration on top would be de same as the bottom, but considering a different stiffness, the acceleration on any upper floor 
is affected. All this makes it necessary to consider, the variations of the ground acceleration and stiffness, through the 
ground to the top in the dynamic motion equilibrium equations. 
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1. Introduction to Basal Movement 
Considering a structure initially at rest and then subjected to a basal pulse, at the beginning t = to the structure 
tends to follow at rest but then the masses move with the acceleration imposed, and the structure reacts with a 
force proportional to the deformation between time 0t  and it . 
The end of basal shift is due to a new pulse in the opposite direction, but the structure and the masses continue 
its displacement due to inertia, which sharply changes due to new stresses generated by the new basal pulse. The 
equilibrium equations are given by: 
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Where it is get Eq. (1) [ ]{ } [ ]{ } [ ]{ } ( ){ }tFyMuKuM s ==+   (1) 
 

To decouple the equations is necessary a linear transformation given by Eq. (2): 

 { } [ ]{ }zu Φ=  (2) 
 
 Where [ ]Φ  is the eigenvectors matrix obtained by solving the eigenvalues problem given by Eq. (3).  

 [ ] [ ]( ){ } 02 =Φ− MK ω  (3) 
 
The solution of this equation in terms of 2ω  is given by a family of eigenvectors, which makes it necessary to 

impose the orthonormal condition given by, 
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The [ ]Φ matrix is given by Eq. (5). 
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Replacing Eq. (2) in Eq. (1),  Eq. (6) is obtained. 

 [ ][ ]{ } [ ][ ]{ } [ ]{ }syMzKzM  =Φ+Φ  (6) 
 
Premultiplying by [ ] 1−M  and then by [ ]TΦ  it gets. 
 

 [ ] [ ] [ ][ ]{ } [ ] [ ] [ ][ ]{ } [ ] [ ] [ ]{ }s
TTT yMMzKMzMM  111 −−− Φ=ΦΦ+ΦΦ   

 [ ] [ ]{ } [ ] [ ] [ ][ ]{ } [ ] { }s
TTT yzKMz 

  
 Φ=ΦΦ+ΦΦ −1  (7) 
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Then [ ] [ ]{ } [ ] [ ]{ } [ ] { }s
TTT yzz  Φ=ΦΩΦ+ΦΦ 2  (8) 

From Eq. (2) { } [ ]{ }zu Φ=  replacing in Eq. (8).   

 [ ] { } [ ] { } [ ] { }s
TTT yuu  Φ=ΩΦ+Φ 2  (9) 

Then { } { } { }syuu  =Ω+ 2  (10)  

 siii yuu =+ 2ω   
 

Then it has been determined the expression that relates the ground acceleration with the movement of the 
structure. To solve this equation is necessary to know the function of basal acceleration, which arises from a 
seismic known record. 
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2. Basal Movement Simulation Function 
In order to define a function that represents  a basal solicitation, a  known basal solicitation record is used, 
characterized by its mean frequency, pulse numbers and amplitudes. 

Considering a hypothetical basal acceleration record as shown in Fig. 1, between 0t  and 5t , there are 5 cycles 

with similar 1t∆ , and 4 cycles between 5t  and 9t  with similar 2t∆ , then each cycle correspond to π2 , i.e.  

In ,0=t  2
π , π , 23π , π2 , then 2 series of sawtooth functions with 1Sω and 2Sω  mean frequencies  

representing the seismic event have been defined. 

 
Fig. 1 - Displacement record 
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Each period consists of 4 fourth of a period, then it is possible to evaluate the displacements in each fourth of a 
period or cycle in which the movement conditions are defined. Under this conditions it is possible to define a 
sawtooth, periodic secant-sen function with unitary amplitude for every cycle given by Eq. (11). 
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With: 

sω :  Mean cycle frequency 

iT :  Mean cycle time 

ξ :  Seismic displacement record 
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The maximum values are obtained for integer numbers of the fourth period as shown in the following example in 
Table 1 and Fig 2. 

 

Table 1 - Unitary values 

n 0 1 2 3 4 5 

nt  0t  1t  2t  3t  4t  5t  

( )ntη  0 1 0 -1 0 1 

 
Fig. 2 - Secant-Sen function (Sawtooth) 
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For sec14,1771,5333 =×=∆= tt  

Multiplying sawtooth function ( )ntη  by an amplitude vector { }ξ  of seismic record, the basal movement is given 
by: 

( ){ } { } ( ) { } ( )nsns tsentty ωξηξ ==  

Note that developed expressions are a mathematical representation of the image, seismic record, i.e. the same 
function may represent displacement, velocity or acceleration. The matter is that the parameters coherently 
represent  the recorded phenomena. 
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Then, the mean frequency its equal to the basal pulse record with same amplitudes than the seismic record, then 
the function that simulates the seismic event is obtained. 

Displacement: ( ){ } { } ( )iss tsenty ωξ= , { }ξ  Seismic amplitude vector (12) 
 
Example, Applying the displacement function considering 7 seconds period: 
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The mean angular frequency it's given by: 

sec5903,3
75.1
38.62 rad

Ts
s ==

Π
=ω  

Then considering an amplitude vector of known basal movement record{ }sξ  , for each interval tn∆  the relation 
between values is checked in Table 2 and Fig 3. 

 

Table 2 - Basal amplitude movement for each interval 

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

tntn ∆=  0 0,44 0,88 1,31 1,75 2,19 2,63 3,06 3,5 3,94 4,38 4,81 5,25 5,69 6,13 6,56 

( ){ }tsξ  
(0→1) 

2,0 

(1→3) 

-3,7 

(3→5) 

1,7 

(5→7) 

-0,8 

(7→9) 

2,5 

(9→11) 

-5,0 

(11→13) 

3,3 

(13→15) 

-2,4 

 

 
Fig. 3 - Basal movement 

 

Then, the amplitude in 10 ,nn  interval is 011 ξξξ −=∆ ; in 21,nn  is 122 ξξξ −=∆ , etc. Each line represents the 
basal amplitude movement, displacement, velocity or acceleration, in either positive or negative way, upward 
positive, downward negative, then each line is a movement itself in which the initial value is the end value of the 
former movement. 
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Considering basal pulses transmitted to the structure by with the basal frequency, the solicitation in presented 
with the frequency imposed, then the equation of motion is given by, 

 tsenuu siii ωξω =+ 2  (13) 
 

The solution of this equation is given by numerical or analytical method, from which the second is presented. 

An analytical solution of the equation is given by: 

 ( ) ( ) ( )tututu pc +=  (14) 
 

( )tuc  : Complementary solution that satisfies the homogeneous equation ( ) ;cos tBsentAtuc ωω +=⇒  

( )tu p  : Particular solution from the second member of the equation ( ) ;tYsentu sp ω=⇒  

Replacing ( )tu p  in the differential Eq. (13)  

 tsentYsentsenY ssss ωξωωωω =+− 22   
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Replacing in Eq. (14) it is get 
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In this development, the phase difference ψ  between basal pulse and level solicitation is not considered. 
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3. Transversal Vibrations in Prismatic Sections 

A beams that vibrates in one of its inertial axe and flex with elastic curve ( )xη , in every section there is a 
bending moment ( )xM  and shear ( )xQ that corresponds to a ficticious charge ( )xq  that represents the inertial 
forces, then, 
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The inertial fictitious charge that acts by unit length, it's given by: 2
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D is density, A is the transverse section   

Due to ( )tx,η  is a function of x and t, it satisfies: 2

2

2

2

2

2

.
t

DA
dx
dEI

x ∂
∂

−=







∂
∂ ηη

  

For constant section it is have: 04

42

2

2

=
∂
∂

+
∂
∂

xt
ηαη

 (18) 

 

with 
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The solution of the differential equation is given by a wave propagation in the increasing x direction represented 
by the function ( ) )(, 1 ctxftx −=η . Considering the solution given by: 
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c: Propagation speed 

n: Number of waves 

r: Turning radius 

 

In the case of transverse vibrations on the structure, the velocity c is dependent of the wavelength λ of the 
perturbation, which is different from the longitudinal vibration, which doesn't depend on it. 

Then, analyzing the structure response of a basal pulse, is important to consider the reflected wave given by the 
solution of the differential equation that could increase the solicitation.  
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4. Conclusions 
So far, the solution of the dynamic equilibrium's equations have rested upon the idea about normalize those 
equations under the orthogonal condition. However, this work has not considered this paradigm, due to it is not 
possible to apply this principle over the mass matrix to obtain a unitary matrix as result and, subsequently, to be 
applied over the rigidity matrix - which are forces - to obtain as result the natural vibrating frequencies. 

Therefore, this work shows the procedure independently of this practice and succeed to decouple the movement 
equilibrium's equations respecting it's dimensionality. 

In the evaluation of the phenomena of spreading seismic waves over the highest levels of the structure; applying 
the common practice, the results do not show significant differences. However, when inertial masses and 
wavelength are considered; this effect should be taken into account and be studied in further works. 
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