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Abstract

The residual deformation after an earthquake could be an index of structural damage to a building, if the relationship
between the residual deformation (d,) and the accumulated (total) plastic deformation (d), were obtained. For this purpose,
in this paper, the probabilistic relationship between residual deformation and accumulated plastic deformation of a perfectly
elastic-plastic single-degree-of-freedom oscillator is discussed.

In the previous study, the author showed that the conditional probability of the residual deformation (d, ) given the number
of plastic excursions (n) and the accumulated plastic deformation (d;) is almost a normal distribution with an average of
zero and a standard deviation of d; over the square root of n. Using this finding, the probability density function (PDF) of
the residual deformation (d,) can be formulated with the joint PDF of n and d;. Moreover, if one can assume that n and d,
were statistically independent, it could be represented with each PDFs of d; and d;.

Inversely, in this paper, the conditional PDF of d, given d, was derived, which would make it possible to estimate
accumulated structural damage (i.e., dy) to a building from the observed residual deformation (i.e., d,) after an earthquake.

In order to validate the derived equations of the conditional PDF of d, given d,, dynamic response analysis using a large
number of pseudo ground motions simulated by the inverse Fourier transform.

The analysis result showed that each PDF of the number of plastic excursion (n) and the accumulated plastic deformation
(dy) can be approximated by the gamma distribution. From these approximated PDF for n and d, and the derived equations,
with the assumption that n and d; are statistically independent, the conditional PDF of d, given d, was calculated and
compared to the histogram of d, calculated from the analysis result. The estimated PDF succeeded to capture the tendency
that larger d; would be estimated when larger d, was observed, which was seen in the analytical results. The estimated mean
and standard deviation of d; given d, also showed a reasonable agreement with the analytical results.

From the above discussion, it can be concluded that, it is impossible to estimate d, (i.e. structural damage) only from d,,
however, if the prior distributions of d; and n is known, it would be possible to improve the estimation accuracy of d, using
the proposed equations and the observed d,.
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1. 'I ntroduction

For fast recovery after an earthquake disaster, it is important to determine if a damaged building is safe enough
to use it continuously or not as soon as possible. However, it is difficult to determine, in a quantitative manner,
how much structural damage is received by a building, because most of the structural members are covered by
interior and exterior walls and ceilings and could not be investigated nor seen without destructing them.

In a guideline for post-earthquake damage inspection [1] used in Japan, the structural damage of a
building is presumed from the observed residual story drift which it is easy to measure. However, the residual
deformation does not directly represent the accumulated (total) plastic deformation nor the structural damage. In
addition, shown in many literatures [2, 3, 4, 5] on the relationship between the residual deformation and the
accumulated plastic deformation, one can say that the residual deformation has a very large dispersion and that it
may be difficult to handle it as a deterministic value.

The author considers that the residual deformation should be treated as a probabilistic value and has been
studied on the probabilistic characteristics of the residual deformation of a perfectly elastic-plastic single-degree-
of-freedom (SDOF) oscillator. In the previous paper [6], the author showed that the conditional probability
distribution of the residual deformation, d,, given the number of plastic excursions, n, and the accumulated
(total) plastic deformation, d, , is almost a normal distribution with an average of zero and a standard deviation
of d; over the square root of n.

Using this knowledge, it is possible to estimate the probability density function (PDF) of d; from the
observed d,. which may enable one to use d, as an index of structural damage. This paper shows and validates
this method through dynamic response analysis using a number of simulated ground motions.

2. Theoretical relationship between residual and total plastic deformations
2.1 Analysis oscillator model

This paper discusses the dynamic behavior of a single-degree-of-freedom (SDOF) model with an elastic-
perfectly plastic characteristics as shown in Fig. 1. The plastic deformation in the i-th plastic excursion during
an earthquake is denoted as d;. The residual and total plastic deformation after the earthquake are denoted as d,.
and d;, respectively, which are represented as,

n n
dy =y didp = ) ldy @)
i=1 i=1
2.2 Relationship between residual and total plastic deformation

The author showed in a previous paper [1] that the probabilistic distribution function (PDF) of the residual
deformationf (d,|d;, n) under a given total plastic deformation,d;, and a number of yielding occurrence, n, can

be modeled as a normal distribution with a mean of 0 and a standard deviation of d, /+/n, which is represented as,

de\ _ Vn _nd,”*
Fldrldym) ~ N (0,75) = = dteXp< : dﬁ) @

Using this equation, the conditional PDF of d; given d,. can be written as:

J f(drlde,m) - f(de, ) dn

@) ®)

f(deld,) =



q"s;ﬁ 16™ World Conference on Earthquake, 16WCEE 2017

_ : 5 E Santiago Chile, January 9th to 13th 2017

This equation means that in order to calculate f(d.|d,), a simultaneous PDF, f(d.,n), should be known. In
addition, if one can assume d, and n are probabilistically independent, it can be represented as a product of the
PDFs of d; and n, as follows.

fldyn) =f(d) - f(n) (4)

Therefore, it is possible to estimate the PDF of total damage (i.e. d;) under the condition of observed residual
deformation (i.e. d,)) from Eq. (3), f(d;), and f(n).

Here, we assume that f(d;), and f(n) can be approximated with gamma functions:
fldyn) = f(dy) - f(n) = Gldy, ke, 0] - G[n, ky, 6,,] ()

Where G[x, k, 8] denotes the gamma distribution with the shape factor, k, and the scale factor, 6. These factors
are calculated from the mean and variance of d; or n. By using the gamma distribution, the integration in Eqg. (3)
can be erased and the equation can represented as follows:

G[dt, kt - 1, Ht]

<L+d_¥>""+% ©)
Op * 2d?

f(deldy) ~

The right hand side of this equation is not normalized, though, the shape of the conditional PDF can be obtained
without numerical integrations.

3. Validation using simulated ground motions

In order to validate the derived equation (Eq. (6)) of the conditional PDF of d; given d,., in this chapter, dynamic
response analysis using a large number of pseudo ground motions simulated by the inverse Fourier transform is
performed.

3.1 Analysis model

An SDOF system with elastic-perfectly plastic hysteric characteristics, as previously shown in Fig. 1, is is used
for dynamic response analysis. The parameters of the model are the natural period, T, and the yield strength, Q,,.
For T, values of 0.5s, 1.0s and 1.5s are used. @, is determined as Q, = DsQ., Where Q. is the maximum
restoring force of the elastic model, and for D, values of 0.2, 0.4 and 0.6 are used.

1.2

. Restoring force
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Fig. 1 — Restoring force characteristics Fig. 2 — Kanai-Tajimi spectrum[7]
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3.2 Input ground motions

In this chapter, simulated ground motions by the inverse Fourier transform are used for the analysis. Kanai-
Tajimi spectrum [7], shown in Fig. 2, is used for the amplitude (absolute) components of the Fourier spectrum,
where the predominant period T; = 1.0s and the shape factor h; = 0.3 as proposed in [7]. The phase
(argument) components for the Fourier spectrum are determined so that the phase difference spectrum would
follow the “near-field” type, “intermediate” type, and “oceanic” type spectrum defined in literature [8]. The
examples of simulated ground motions for these three types are shown in Fig. 3. The “near-field” type ground
motion has a large energy input in a short time, while the “oceanic” type has a longer vibration with smaller
acceleration amplitude.
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Fig. 3 — Examples of simulated ground motions

3.3 Probability density function of the total plastic deformation and number of plastic occurrence

Fig. 4 shows the PDFs of the number of plastic occurrence, n, the PDF of the total plastic deformation, d;, and
the joint PDF of n and d, for various phase types and natural periods obtained from the dynamic response
analysis. In this figure, only the cases of Dg = 0.4 are shown due to limitations of space but it was confirmed
that there are no large different tendency in other cases than D; = 0.4 are observed.

Each figure (e.g., Fig. 4(al)) consists of three types of graphs. The top graph shows the PDF of n. In this
graph, the bars represent the histogram of n obtained from the dynamic response analysis results, which are
normalized so that the area is 1.0. In this graph, approximated gamma distribution (i.e. G[n, k,,6,]) is also
shown with line, where the shape factor, k,,, and the scale factor, 6,,, are calculated from the mean and variance
of n obtained from the dynamic response analysis.

The right graph in vertical orientation shows the PDF of d;. Similarly to the top graph, the bars represent
the histogram of d;, and the line represents the approximated gamma distribution, i.e. G[d;, k¢, 6;].

The center graph shows the contour of the joint PDF of n and d;, where the darker area represents the
larger probability.

In the top and right graphs, it is shown that each PDF of n and d; can be approximated as a gamma
distribution. On the while, in the center graph, there is positive or negative correlation observed between n and
d;, which varies according to natural periods, phase types and also d's. However, the correlation is not
significantly large especially for the cases of intermediate-type ground motions. From these results, it can be
presumed that Eq. (5) which assumes the statistical independence between n and d; is satisfied in a certain
accuracy.

However, it should be noted that, in this simulation, the Fourier amplitude spectrum of the ground motions,
the natural period and the yield strength of the system are assumed to be constant, respectively, and therefore
that the total input energy (i.e., d;) is almost constant. This may be the reason why the observed correlation was
small. In actual cases where earthquakes must have a very large variation in the strength, more correlation
between n and d, may be observed and the accuracy of Eqg. (5) and (6) should be re-validated.
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3.4 Estimated PDF of d, under given d,.

By using the estimated joint PDF calculated from the gamma distributions shown in Fig. 2, it is possible to
estimate the PDF of d; given d,- from Eq. (6). The comparison between the estimated PDF of d, given d,. and
the actual PDF obtained from dynamic response analysis is shown in Fig. 5.

The bar in each graph shows the histogram of d; where d,. is in a certain range shown in each graph. The
lower graph has larger d,.. The range of d,. is chosen so that the number of response analysis, N, shown in each
graph is 200. It is observed that the peak of the histogram moves rightward as d,. is getting larger. This means
that larger d,- might imply larger d;, which can be easily presumed.

The line in each graph shows the estimated PDF of d; under d, calculated with Eq. (6) and gamma
distributions shown in Fig. 4, where the center value of the d, range shown in the figure is used for the
estimation. For the cases of intermediate and oceanic type ground motions (Fig. 5(b1) to (c3)), it is observed that
the estimated curves agree the histograms in a good accuracy. For the cases of near-field type ground motions
(Fig. 5(al) to (a3)), the estimated curves capture the trend that larger d; is expected in the case of larger d,., but
the accuracy is worse. It should be noted that, as shown in the bottom graph in Fig. 5(b1) for example, large
probability density is estimated in the range of d; < d,., which is improbable. This defect should be improved in
the future study.

For the purpose to show the accuracy for all cases, the mean and standard deviation of the actual and
estimated f(d;|d,) are compared in Fig. 6. “e®” and “0” represent the mean, u, and the mean plus standard
deviation, u + o, respectively, of the estimated f(d;|d,). While, the solid line and dashed line represent the
mean and the mean plus standard deviation, respectively, of the histogram obtained from dynamic analysis. One
can read the accuracy by comparing “e” and the solid line, and “0” and the dashed line.

As shown previously in Fig. 5, the estimation for the near-field type ground motions does not show a good
accuracy. But in other cases, the estimated values are approximately agrees the analysis result in a certain
accuracy. It is presumed that this method can be applicable in many cases except the extreme case of near-field
ground motions.
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4. Conclusion

The authors showed in a previous paper that the PDF of residual deformation of an oscillator after an earthquake,
d,, could be considered to be a normal distribution with a standard deviation of d,/+/n, where d, is the total
plastic deformation and n is the number of yielding during the earthquake, by assuming “random walk”
hypothesis. In this paper, using this knowledge and Bayes' theorem, the conditional PDF of d, under a condition
of d,, f(d:|d,), was formulated as a function of the joint PDF of n and d;, f (n,d;). This equation can be used
for the purpose of estimation of total structural damage (i.e. d;) from an observed residual deformation (i.e. d,.).

Dynamic response analysis of a number of simulated and recorded ground motions were performed to
validate this method. The conditional PDF of d, given d,., obtained from this analysis, showed a similar trend to
the estimated conditional PDF, f(d.|d,), by the obtained equation. The means and standard deviations from
the dynamic analysis also showed a reasonable agreement with the estimated values.

In this discussions, it can be concluded that, though it is impossible to estimate d; only from d,., it is
possible to improve the estimation accuracy of d; using the proposed equations. However, the accuracy of this
method is presumed to be affected by the accuracy of the approximated joint PDF, f(n, d;), as well as that of
the accuracy of the random-walk hypothesis, which is affected by the yield strength of the building and the time-
frequency characteristics of input ground motions. For more detailed validation of this method, analysis using a
large number of actual ground motions and a more realistic structural model should be performed in a future
study.
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